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A. POLISHCHUK 



Abstract. We introduce and study kernel algebras, i.e., algebras in the category of sheaves on a square 
of a scheme, where the latter category is equipped with a monoidal structure via a natural convolution 
operation. We show that many interesting categories, such as D-modules, equivariant sheaves and their 
twisted versions, arise as categories of modules over kernel algebras. We develop the techniques of 
constructing derived equivalences between these module categories. As one application we generalize 
the results of [39] concerning modules over algebras of twisted differential operators on abelian varieties. 
As another application we recover and generalize the results of Laumon [29] concerning an analog of the 
Fourier transform for derived categories of quasicoherent sheaves on a dual pair of generalized 1-motives. 



Introduction 

The classical JVIorita theory gives a way to construct all equivalences between the categories of modules 
over rings A and B in terms of A-i?-bimodules. This theory was generalized to bounded derived categories 
of module categories by Ricard [40]. On the other hand, starting from the pioneering work of IVIukai [33] 
algebraic geometers got interested in the study of the functors between bounded derived categories of 
coherent sheaves on projective varieties X and Y associated with complexes of coherent sheaves (kernels) 
on X X Y (we refer to such functors as integral transforms). The result of Orlov [34] states that in 
the case when X and Y are smooth projective varieties all exact equivalences between these derived 
categories are of this form. Note that the latter theory belongs to the commutative world, although 
there exist generalizations to stacks (see [28], [9]) and to twisted sheaves (see [14]). There are interesting 
"noncommutative" categories of geometric origin that are left out from this picture, such as categories of 
D-modules. It seems that there is no straightforward generalization of the above theory to this case. One 
way to include both the derived IVIorita theory and the Fourier-lVIukai transforms into one framework is 
by working with dg-categories, as outlined in [42]. In the present paper we propose a more specialized 
extension of the techniques of integral transforms to a (partially) noncommutative world that does not 
require passing to dg-categories. Our immediate goal was to understand and generalize two concrete 
examples, namely, the Fourier duality for generalized 1-motives (see [29]) and for modules over algebras 
of twisted differential operators on abelian varieties (see [39]). The resulting framework, although much 
more limited in applicability than the dg-techniques, covers both these examples and their generalizations. 

The main idea is quite simple. Composition of integral transforms between derived categories of sheaves 
corresponds to taking convolution of kernels (see section 2.1). In particular, we get a monoidal structure 
on the category of kernels on X x X with the unit object A* Ox, where A : X ^ X x X is the diagonal. 
Thus, in the context of derived equivalences it is natural to work with algebra objects with respect to 
this monoidal structure. This is what we call kernel algebras. However, if one wants to define analogs 
of module categories one needs to impose a kind of flatness condition: the transform from the derived 
category of sheaves on X to itself defined by our kernel algebra should preserve the abelian subcategory 
of sheaves. We call kernel algebras with this property pure. Generalizing Theorem 6.5 of [39], we prove 
that an equivalence of derived categories of sheaves on X and Y extends to a correspondence between 
kernel algebras over X and Y such that the corresponding derived categories of modules are equivalent, 
provided both kernel algebras are pure (and other technical assumptions are satisfied). Note that any 
D-algebra in the sense of [5] can be viewed as a pure kernel algebra, so the context of [39] is embedded 
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into our framework. We also show that one can associate a kernel algebra with an action of a finite group 
scheme G (or a formal group) on the derived category Dqc{X) of quasicoherent sheaves on X (provided 
this action is given by integral transforms). In the case when such an action is geometric (i.e., induced by 
the action of G on X) the category of modules over the corresponding pure kernel algebra is equivalent to 
the category of G-equivariant sheaves on X. More generally, one can associate a pure kernel algebra with 
an appropriate class of groupoids (resp., formal groupoids). We also consider in detail the situation when 
G acts on the category of sheaves on X by autoequivalences induced by automorphisms of X combined 
with tensoring by line bundles. Modules over the corresponding G- algebras can be interpreted as twisted 
G-equivariant sheaves on X. 

Let us explain how kernel algebras can be used to establish an analog of the Fourier-Mukai duality 
for the derived categories of sheaves on generalized 1-motives considered in [29] . We consider a slightly 
broader class of generalized 1-motives than in [29], namely, complexes [G — > E] concentrated in degrees 
— 1 and 0, where G is a commutative formal group (satisfying some finiteness assumptions) and _E is a 
commutative algebraic group. ^ Quasicoherent sheaves on [G E] are simply G-equivariant quasicoherent 
sheaves on E, so they can be described by an appropriate pure kernel algebra on E. Note that E is an 
extension of an abelian variety A by an affine algebraic group. Using an appropriate notion of the 
push-forward for kernel algebras we can equivalently describe sheaves on K = [G ^ E] as modules over 
some pure kernel algebra A{K) on A. The dual 1-motive I}{K) is presented by a complex [G' E'], 
where E' is an extension of the dual abelian variety A by an affine group. Applying the same procedure 
to D(if) wc get a kernel algebra A(D{K)) on A responsible for sheaves on ^{K). Furthermore, we 
interpret A{K) (resp., A{I3{K))) as the kernel algebra associated with a homomorphism from G x G' 
to Auteq{Dqc{A)) (resp., Auteq{Dqc{A))). Thus, sheaves on K (resp., D(ii')) can be viewed as twisted 
G X G'-cquivariant sheaves on A (resp., A). Using this point of view we check that A{K) and A{I]){K)) 
correspond to each other under the standard Fourier-Mukai transform that gives an equivalence between 
the derived categories of sheaves on A and on A. This immediately leads to the desired equivalence of 
derived categories of sheaves on K and on 'D{K). 

The paper is organized as follows. In section 1 we collect some results on quasicoherent sheaves 
over schemes and formal schemes, as well as few facts about biextensions. Most of these results are 
well known. However, in some cases wc had to prove simple extensions of the known theorems to new 
situations (for example, we give three versions of the base change formula for sheaves on formal schemes). 
Also, we prove here some auxiliary statements involving duality for sheaves on formal schemes. Section 
2 develops the theory of kernel algebras. Here we define a convolution operation for modules over pure 
kernel algebras satisfying an additional technical assumption. The main result of this section is Theorem 
2.5.1 that extends equivalences between derived categories of sheaves on schemes X and Y to derived 
categories of modules over kernel algebras over X and Y. In section 3 we define the notion of a kernel 
representation of a group scheme (or a formal group) G over a scheme X, which is a scheme-theoretic 
version of a homomorphism from a discrete group to Auteq(Dqc(-^))- In the case when G is a finite 
flat group scheme (resp., formal group) we construct a kernel algebra over X associated with a kernel 
representation. We study in particular such kernel algebras corresponding to homomorphisms from G 
to Aut{X) X Pic(X), or equivalently, with 1-cocycles of G with values in Pic{X). In the case when 
G is commutative the interplay between such algebras and the Cartier duality plays a crucial rule in 
applications to 1-motives. On the other hand. Theorem 3.3.1 establishes an equivalence between the 
category of sheaves equivariant with respect to an action of a groupoid (resp., formal groupoid) on X and 
modules over the corresponding kernel algebra. We also construct an equivalence of derived categories 
for twisted G-equivariant sheaves on a pair of dual abelian schemes (see Theorem 3.7.3) generalizing 
equivalences for modules over twisted differential operators considered in [39]. Finally, in section 4 we 
apply the developed techniques to constructing an analog of Fourier-Mukai transform for generalized 
1-motives and to generalizing Theorem 3.7.3 to this context. 

^Thus, unlike in [29], we allow G to have torsion and E to be nonconnected. 
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Conventions and notation. All schemes in this paper are assumed to be noetherian, and all formal schemes 
are assumed to be locally noetherian. For our conventions on formal groups see the beginning of section 
3. By an algebraic group over a field k wc mean a group scheme of finite type over k. 

Starting from section 2, all the functors are assumed to be derived. Thus, for a morphism / between 
schemes /* (resp., /*) will denote the derived push- forward (resp., pull-back) of complexes of sheaves of 
0- modules. Similarly, ® will denote the derived tensor product (also starting from section 2). Recall 
that these functors are defined on the unbounded derived categories of O-modules (see [41] and ch. 2 of 
[31]). Similar conventions are applied for formal schemes. 

All inductive (resp., projective) systems arc assumed to be small and filtered. We denote by lim (resp., 
projlim) the inductive (resp., projective) limit of an inductive (resp., projective) system. 

1. Preliminaries 

1.1. Quasicoherent sheaves on schemes. Our primary source regarding derived categories of quasico- 
herent sheaves on schemes are the notes [31] (although we are not aiming at the same level of generality). 
Recall that we assume all schemes to be noetherian, so every morphism between them is quasi-compact 
and quasi-separated (see [21], (6.1.13)). We denote by Qcoh(X) (resp., Coh(X)) the category of quasico- 
herent (resp., coherent) sheaves of O-modules on a scheme X. We denote by Dqc{X) (resp., Dc{X)) the 
full subcategory in the derived category of O-modules consisting of complexes with quasicoherent (resp., 
coherent) cohomology. 

First, we observe that the standard (derived) functors with complexes of O-modules preserve the 
subcategories Dgc. For the pull-back functors and for the tensor product this requires no assumptions on 
the schemes involved (see [31](3.9.1) and (2.5.8)). For the push-forward functor this is true because we 
consider only noetherian schemes ([31] (3.9.2)). For the same reason for a map f : X ^ Y the functor 
Rf^ : Dqc{X) Dqc{Y) is bounded above ([31] (3.9.2)), i.e., it sends Df^°{X) to Dfj'iY) for some n (it 
is also bounded below for trivial reasons). In the case when / : X — > y is an affine morphism the functor 
/* is exact and the induced functor Dqc{X) Dqc{Y) is conservative (this follows from the fact that 
for an affine scheme X = Spec(A) the functor of global sections induces an equivalence of Dqc{X) with 
D{A- mod)). 

The following result follows immediately from Lemma (3.9.3.1) in [31]. Note that the crucial case of 
R^f* traces back to the proof of Theorem 3.10 in [18]. 

Lemma 1.1.1. Let f : X ^Y be a morphism of schemes. Then R^f* commutes with inductive limits. 

We will use the following versions of the projection formula and the base change formula. 
Theorem 1.1.2. (131](3.9.4)) Let f : X ^Y be a morphism of schemes. Then the natural map 

Rf,F ®^G^ Rf^F <S>^ Lf*G) 
is an isomorphism for F G DqdX), G G Dqc{Y). 

Theorem 1.1.3. (\^1](3.9.5) and (3.10.3); [4], Prop. A. 85) Assume that we have a cartesian diagram 




where either u or f is flat. Then for F G Dqc{X) the base change map u*Rf*F Rf!^v*F is an 
isomorphism. 
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A scheme X is called semi-separated if the diagonal morphism X —y X x X is affine. It is easy to see 
that any morphism from an affine scheme to a semi-separated scheme is affine. For a quasicoherent sheaf 
on a semi-separated scheme one can construct a quasi-isomorphic complex of flat quasicoherent sheaves 
(using Cech resolution, see [1], Prop. 1.1). This easily implies the following statement (see also [32], Prop. 
16). 

Lemma 1.1.4. Let X be a semi-separated scheme. Then for every quasicoherent sheaf F on X there 
exists a surjection P ^ F, where P is flat quasicoherent. Moreover, this surjection can be constructed 
functorially in F. 

Recall that for a finite morphism f : X ^ Y the fimctor /, : Dqc{X) Dgc{Y) admits the right 
adjoint /• : Dgc{Y) — » Dqc{X). We need the following simple fact about this functor. 

Proposition 1.1.5. Let f : X ^ Y be a finite flat morphism. Then f Oy is a line bundle on X and for 

F £ Dqc{Y) the natural morphism 

fOx®f*F^f-F 

in Dqc{X) is an isomorphism. Given any morphism u : U ^Y let us consider the cartesian square 



V 



X 



Then one has a natural isomorphism of functors Lv* f' ~ g Lu* . 

Proof. It is enough to check that our map becomes an isomorphism after applying By the local 
duality isomorphism we have 

f.fF^nom{f.Ox,F). 

Note that f*Ox is a vector bundle, so the natural map 

nom{f^Ox,OY) ®F^ Hom{f,Ox,F) 

is an isomorphism. It remains to observe that the target of this map is isomorphic to f*{f'Ox ® f*F) 
(by the projection formula). 

Given the base change diagram as above, we have a natural morphism v* f Oy — > g Ou corresponding 
by adjunction to 

g.v*f OY ^ u*fJ-OY ^ Ou. 
To check that it is an isomorphism it is enough to compare the push-forwards by g. It remains to use an 
isomorphism 

Homig^Ov, Ou) ^ u*nom{f^Ox,OY) 
that follows from g*Ov — u* f^Ox- D 



1.2. Sheaves on formal schemes. We use the definitions of [21] concerning formal schemes. All formal 
schemes considered in the present paper are assumed to be locally noetherian. Thus, our formal schemes 
are locally of the form Spf A, where A is an adic noetherian ring. Following [2] we say that a morphism 
f : X ^ Y between formal schemes is of pseudo-fi,nite type (resp., pseudo-finite) if there exist ideals of 
definition Jx C Ox, Jy C Of, such that JyOx C Jx and the induced map of schemes (X, Ox/Jx) — * 
{Y,Oy / Jy) is of finite type (resp., finite). 

By a sheaf on X we always mean a sheaf of Ox-modules. We denote by A(X) the abelian category of 
sheaves on X and hy D{X) its (unbounded) derived category. 
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Following [2] we work with several full subcategories of A{X) and D{X). First, we consider the 
categories Aqc{X) c A{X) (resp., Ac{X)) of quasicoherent (resp., coherent) sheaves. Next, let us recall 
the definition of torsion sheaves on X. For a coherent ideal sheaf J C Ox one defines the subfunctor of 
the identity functor 

TjJ^ = lim Wom(Ox/ J", J^). 

n 

This functor is left exact and depends only on the topology on Ox defined by J'. By definition, ^-torsion 
sheaves are sheaves J-" satisfying TjJ' = T . For a formal scheme X torsion sheaves on X are defined 
as jT'-torsion sheaves, where JT" is an ideal of definition for X (recall that on locally noetherian formal 
schemes ideals of definition exist globally, sec [21], Prop. (10.5.4)). We denote by AgctiX) C Aqi.{X) the 
subcategory of torsion quasicoherent sheaves. 

Although we are mainly interested in the categories Ac{X) and Aqct{X), it is sometimes convenient 
to work with the subcategory A-c*{X) C Aqc{X) of sheaves that can be be presented as direct limits of 
coherent sheaves. Note that A-c'{X) contains both Ac{X) and Aqct{X) (see Lemma 5.1.4 of [2]). Also, 
locally every quasicoherent sheaf is in A-^ (see Cor. 3.1.4 of [2]). 

For a pair of quasicoherent sheaves F and G on a formal scheme X we set 

ffo5l(F, G) = proj limHom(F, G (g) Ox /J"-), (1.2.1) 

n 

where J' is an ideal of definition for X. It is easy to see that these groups do not depend on a choice of 
an ideal of definition. If i„ : X„ X is a closed embedding of the subscheme corresponding to the ideal 
sheaf J" then we have 

Hom(F, G) = proj limHom(i* F, i^G). 

n 

Hence, we have a natural composition law for Hom. Given an element a G Hom(F, G) then for every 
morphism f : Y ^ X formal schemes wc have the induced element f*a : Hom(F, G) (use ideals of 
definition Jx S Ox and Jy € Oy such that JxOy C Jy). 

For * = c, 17c, if, qct wc denote by D^{X) the full subcategory of complexes with cohomology in A^{X). 

Let RTj denote the derived fimctor to Tj. For a complex of sheaves with j7-torsion cohomology the 
natural map RTjF F is an isomorphism (see the proof of Proposition 5.2.1(a) of [2]). In the case 
when J is an ideal of definition of X we set i?r^ = RVj. For F e Dqc{X) wc have Rr'^{F) e Dqct{X). 
Also, for such F the natural map Rr'^{F) ^ F is an isomorphism iff F e Dqct{X) (sec Prop. 5.2.1 of 
[2]). 

Since we consider only locally noetherian formal schemes, by Cor. 3.1.2 of [1], the natural map 

E (^"^ RT'xiF) ^ RT'xiE F) (1.2.2) 
is an isomorphism ioi all E, F G D{X). 

Lemma 1.2.1. Let X be a formal scheme The subcategories Dc{X), D-c*{X) and Dqc are all stable 
under the derived tensor product functor ®^ : D{X) x D{X) D{X). Also, if A G D{X) has J -torsion 
cohomology, where J C Ox is a coherent ideal sheaf then the same is true for A^^B for any B s D{X). 

Proof. Using the formula A^^ B = limm,„ T<mA ®^ T<nB and the spectral sequence we can reduce the 
first assertion to showing that for F,G <E A^{X) (where * = c, if, qc) one has Torn{F, G) G A^,{X). In 
the case F and G are coherent sheaves this is clear by reducing to the affine case, where the tensor product 
simply corresponds to the tensor product over the corresponding ring (see [21], Prop. (10.10.2.3)). The 
case F,G <E A-c'{X) follows because Tor„ commutes with direct limits (see 2.5 of [31]). Since locally any 
quasicoherent sheaf is in A-c>{X), this also implies the case of * = qc. 

As above, the last statement can be reduced to the case when A is a J'-torsion sheaf. Now the 
assertion follows by choosing a g-flat resolution of B and using the similar statement for the underived 
tensor product of sheaves. □ 
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For a morphism / : X — > y of formal schemes one has the derived functors of push-forward J?/* : 
D{X) D{Y) and pull-back Lf* : D{Y) D{X). In the following proposition we collect some of their 
properties (mostly proved in [2]). 

Proposition 1.2.2. (i) One has Lf*D-if{Y) c DqdX). If in addition, Y is affine then Lf*D-c>{Y) c 
D^{X). On the other hand, if f is flat then f*Dc{Y) C Dc{X) and f*D^{Y) C D^{X). 
(a) Let J c Oy he a coherent sheaf of ideals, and let Dj(Y) c D{Y) (resp., DjOxi^) C D{X)) denote 
the subcategory of complexes with J-torsion (resp., JOx-torsion) cohomology. There is an isomorphism 
of functors 

Lf*R o r jsimeqRT jox ° ^f* ■ 
Hence, Lf*Dj(Y) C Djq^[X). If X is noetherian then we also have 

RTjoRf,^Rf,RoTjo^, 
so in this case Rf^Djo^{X) c Dj{Y). 

(Hi) Assume that X and Y are noetherian. Then the functor Rf^, is hounded on D-g'{X). 

(iv) Assume that f is quasicompact. Then Rf^Dqct{X) C Dqct(Y). 

(v) Assume that f is quasicompact. Then the functor Rf^, commutes with small direct sums in D-c>{X). 
Also, in this case the functors R^f* commute with (small filtered) direct limits. 

(vi) If f is proper then Rft,Dc{X) c Dc{Y). If in addition X and Y are noetherian then Rft,D-c>{X) c 
D^iY). 

(vii) If f is affine then /* is exact on D-^{X) and /*Z)-c»(X) c DqciY). 

Proof, (i) The first two assertions follow from Prop. 3.3.5 of [2]. For the last assertion we use the 
well-known facts that f*Ac{Y) C Ac{X) and /* commutes with direct limits. 

(ii) See Prop. 5.2.8(b) ^d) of [2]. 

(iii) See Prop. 3.4.3(b) of [2]. 

(iv) Since the assertion is local in F, we can assume that X and Y are noetherian. Then we can use 
Prop. 5.2.6 of [2]. 

(v) Since the assertion is local in Y , we can assiime that X and Y are noetherian. Then the first assertion 
follows from Prop. 3.5.2 of [2]. The second assertion is checked exactly as in the case of schemes (see 
Lemma 1.1.1). 

(vi) Since the first assertion is local in Y , it is enough to consider the case when X and Y are noetherian, 
so we can use Prop. 3.5.1 of [2]. 

(vii) We can assume that both X and Y are affine: X = Spf(A) and Y = Spf (i?). Exactness of /* follows 
from Lemma 3.4.2 of [2]. By part (v), it is enough to check that /*j4c(X) C Aqc(Y). Every coherent 
sheaf on X is of the form for some finitely generated A-module M. It is easy to see that fi,{M^) 
is the Oy-module associated with M viewed as a B-module via the construction of Prop. 3.2 of [44]. 
Hence, /*M e A^{Y) c Aqc{Y). 

We will also use push-forwards with quasi-compact support in a very special case. Instead of developing 
the general theory we will give an ad hoc definition for this case. 

Definition, (i) Let P be some property of morphisms between formal schemes, local over base, and let 
f : X Y he a, morphism of formal schemes. We say that / is Idu — P (Wm= locally disjoint union) 
if there exists an open covering {Ui) of Y such that for every i, f^^(Ui) is a disjoint imion of formal 
schemes Vij such that all the maps f\vij '■ ^i,] ~* Ui have property P. Note that if the property P is 
stable under base changes then the same is true for the property "Ww — P" . 

(ii) Let / : X — » y be an Zdurquasi-compact morphism between formal schemes. Let us consider the 
subfunctor 

: A{X) ^ A{Y) 

in where fa*{F) C f*{F) is the subsheaf of sections with quasicompact support over Y . This functor 
is left exact and we denote by Rfa* '■ D{X) D{Y) its derived functor. Note that Y can be covered by 

6 



open subsets U CY such that / ^{U) = UVj where each fj = /|y^ : Vj ^ U is quasicompact, and we 
have 

Rfa*{F)\u-(BjRfj.{F\v^). 

Observe also that the definition of fa* is local in Y. Hence, Proposition 1.2.2(iv) implies that Rfa*Dqct{X) C 
Dqct{Y). If / is quasicompact then f^* = /*• In the case when / is /d«-pseudo-finite we will denote f^* 
by f\ (note that this functor is exact). 

One can immediately generalize many properties of the push-forward functors for formal schemes to 
the functors Rfa* for Ww-quasicompact morphisms. For example, for Ww-quasicompact maps of formal 
schemes f : X ^Y and g : Z ^ X one has R{f o g)^* ~ Rfa* ° Rg^*- 

We now turn to versions of the projection and base change formulae for formal schemes. 

Theorem 1.2.3. Let f : X ^ Y be a quasicompact map of formal schemes. Then for F G D-g>{X) and 
G € the natural map 

G (g)"^ Rf*F Rf* {Lf*G (S)^ F) 
is an isomorphism. The similar result holds if f is Idu- quasicompact and Rf* is replaced with Rfa*- 

Proof The question is local in F, so we can assume that Y is affine and X is noetherian (replacing X by 
one of its connected component in the second case). Note that Lf*G G D-c>{X) by Proposition 1.2.2(i). 
Hence, Lf*G F £ D-c>{X) by Lemma 1.2.1. First, assume that both F and G are bounded above. 
Fix F. Then both sides respect coproducts as functors in G (use [2], Prop. 3.5.2). If G = Oy then 
the statement is clear. Now use the fact that every object of A-c*{Y) is a quotient of a free module plus 
boundedness above of both sides (by the way out argument — see [31], (1.11.3.1)). The case when F and 
G are unbounded can be deduced from this as in [31], (3.9.4), with Dgc replaced by D-c>. □ 



Remark. In the above theorem it is enough to assume that there exists an open covering (Ui) of Y such 
that G\ui G D-c>{Ui) and F G D-c>{f~^{Ui)) (since the question is local in Y). For example, if / is a 
closed embedding then the projection formula holds for F G D^^{X) and G G D^^{Y). 

We will use two versions of the flat base change formula for sheaves on formal schemes based on 
Proposition 7.2 of [2]. In addition we prove a base change formula for flat adic morphisms (part (i)(b) of 
the Theorem below). 

Theorem 1.2.4. (i) Let 



V 



X 



be a cartesian diagram of formal schemes. 

(a) Assume that f is proper and u is flat. Then for every F G D-c>{X) the natural map 

6f : Lu*Rf*F Rg*Lv*F 

is an isomorphism. 

(b) Now assume that f is flat. In addition assume that f is adic and quasicompact (resp., proper). 
Then the map 6f is an isomorphism for every F G Dqct{X) (resp., F G D-c>{X)). 

(ii) Consider a cartesian diagram as above, where f is of pseudo-finite type and u is flat. Assume also 
that I is a coherent sheaf of ideals on U, such that if J is an ideal of definition on Y then JOu +1 is an 
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ideal of definition on U. Then for every F G Dqct{X) and every G e DgdU) such that G has 1-torsion 
cohomology sheaves, the map induced by the base change map 

u*Rf^F (g)^ G Rg:,v*F G (1.2.3) 

is an isomorphism. 

(Hi) The assertions of (i) and (ii) also hold if Rf* (resp., Rg*) is replaced with Rfa* (resp., Rg^*), and 
every property P of f is replaced with "Idu — P". 

Proof. Let us observe that all the assertions are local in Y and U , so in the proof we can (and will) 

assume them to be noctherian. 

(i) (a) Using Proposition 7.2(c) of [2] we see that RT'jjOp is an isomorphism. By Prop. 6.2.1 of [2] this 
implies that Op itself is an isomorphism when _F is a coherent sheaf. Indeed, in this case the source 
and the target of Op are in Dc(Y') by Proposition 1.2.2(vi). It follows that 9f is an isomorphism for 
F e A-c>{X) (using Proposition 1.2.2(v)). By Proposition 1.2.2(iii), the source and the target of 6f are 
bounded functors, so we can finish the proof by the way out argument (sec [31], (1.11.3)). 

(b) Since the assertion is local in U, we can assume it to be afBnc. Then it is enough to check that 
the map u^,6f on Y is an isomorphism. Note that Rf*F G Dgci{Y) by Proposition 1.2.2(iv) (resp., 
Rf*F G D-c*{Y) by Proposition 1.2.2(vi)). Therefore, using the projection formula (sec Theorem 1.2.3) 
we can identify the source of u^^Op with u^^Ou 0^ Rf*F and the target of u^Op with Rf^{v^,Ov ®^ ^'). 
It remains to use the isomorphism ~ f*UitOu (recall that / is adic) and the projection formula 

again. 

(ii) By Proposition 7.2(b) of [2], the map 

RT'jjU*Rf^F RT'jjRg^v*F 

is an isomorphism. Using the isomorphism (1.2.2) we see that the map (1.2.3) becomes an isomorphism 
after applying RV'jj. It remains to check that the target and the source of (1.2.3) have torsion cohomology 

sheaves. Since G has J-torsion cohomology sheaves, it is enough to check that the cohomology of u*Rf^,F 
and Rg>,v*F are jTOfz-torsion sheaves. For u*Rf>,F this follows from the fact that Rf^F has J'-torsion 
cohomology (see Proposition 1.2.2(ii)). On the other hand, by the same Proposition, to check that 

the cohomology of Rg^v*F arc jT'Orj-torsion sheaves it is enough to check that v*F has jrOy-torsion 
cohomology. But this immediately follows from the assumption that F has torsion cohomology on X. 

(iii) Shrinking Y we can assume that all the connected components Xi of X are noetherian. Then 
replacing X by Xi and V hy Vi = U Xy X^. we reduce ourselves to the situation considered in (i) and 
(ii). □ 



Remark. One situation where the case (ii) of the above theorem applies is this. Assume that X, Y and 
Z are formal schemes over a usual scheme S, where Z is flat over S. Then for a map f : X —> Y of 
pseudo-finite type we can consider the cartesian diagram 



X'xaZ 



Pi 



X 



f X id2 



/ 



Pi 



Y XsZ — — - Y 
Then for every F G Dqct{X) and G G Dqct{Z) the natural map 

plRf.F 0^ Lp*G ^ R{f X idz).plF ( 



■Lp*G 



is an isomorphism. Similar assertion holds for Rfa* instead of i?/* provided / is of /c?«-pseudo-flnite 
type. 



Finally, we need a version of Proposition 1.1.5 for a certain class of morphisms between formal schemes. 
For the kind of morphisms we are interested in the situation is much simpler than in the general duality 
setup considered in [2] (in particular, in our case the functor f' can be easily constructed at the level of 
abelian categories of sheaves). 

Definition. Let / : X — > F be a flat morphism of formal schemes. We say that / is nicely ind-finite if 
each connected component of X is afHne over Y and can be presented as the inductive limit of a system 
of closed formal subschemes C Xi C . . . C X, where each X„ is flat and flnite over Y. We say that / 
is locally nicely ind-finite if the above condition holds locally in Y. We say that a formal scheme X over 
a usual scheme S is (locally) nicely ind-finite flat over S if the morphism n : X ^ S is such. 

It is easy to sec that the property of a flat morphism to be nicely ind- flnite (resp., locally nicely ind- 
finite) is preserved under arbitrary base changes. Also, if / is locally nicely ind-finite morphism then it 
is /d«-pseudo-finite, so we have the exact functor f\. 

Proposition 1.2.5. (i) Let f : X ^ Y be a finite flat morphism of formal schemes. There exists a 
natural line bundle f Oy on X, equipped with a morphism 

fj'Oy ^ Oy, (1.2.4) 

such that for every map from a usual scheme Y' to Y the pull-back of f'Oy to X' = Y' Xy X is 
isomorphic to {f'yOy, where /' : X' — > Y' is the induced finite flat morphism of usual schemes. 
Under this isomorphism the pull-back to Y' of the map (1.2.4) gets identified with the canonical map 
fi{f')'Oy' Oy . The formation of f'Oy and of the map (1.2.4) is also compatible with arbitrary base 
changes Y' ^Y of formal schemes. 
If we define the functor 

f : A,,{Y) ^ A,,{X) :G^fG = fOy ® f*G 

then for F e Agct{X) and G G Aqc{Y) the composed map 

Hom(F, f-G) ^ B.om{f,F, fj'-G) ^ Hom(/*F, G), 

where the second arroiu is induced by (1.2.4), is an isomorphism. 

If g : Z ^ X is another finite flat morphism then {fg)' c± g- o f- on Aqc{Y). 

If i : X' ^ X is a closed embedding of formal schemes such that f' = foi:X'^Yis still flat then 
we have a natural map 

i*{f')'Oy ^ fOy (1.2.5) 

inducing similar canonical maps after an arbitrary base change Y' Y with Y ' a usual scheme. The 
push-forward of this map by f\ is compatible with the maps (1.2.4) for f and /'. For G € Aq^iY) the 
induced map 

i4f')-G^Hom{i.Ox',fG) (1.2.6) 

is an isomorphism. 

(ii) Let f : X ^ Y be a locally nicely ind-finite flat morphism of formal schemes. Then the functor 
f\ : Aqct{X) Aqct{Y) admits an exact right adjoint functor /' : Aqct{Y) Aqct{X). 

In the case when Y is a usual scheme, so that Oy e Aqct{Y) = Qcoh(F), the natural map fif'Oy — > 
Oy induces an isomorphism 

fOy®f*G^fG (1.2.7) 

for G e Qcoh(y). 

(Hi) Let f : X ^Y be a (globally) nicely ind-finite morphism of formal schemes. Then there exists a sheaf 
f'Oy € A-c*{X) (possibly depending on a nicely ind-finite structure (Xn)), flat over Y , equipped with a 
morphism Cf : f<.{fOy) Oy, such that we have the induced isomorphism (1.2.7) for G € Aqct{Y). 
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The formation of [f Oy tCj) is compatible with arbitrary base changes (where the presentation as a limit 
is obtained by the base change). 

Let g : Z ^ X be another nicely ind-finite flat morphism. Then fg-.Z^Y has a natural nicely 
ind-finite structure and there is an isomorphism 

9*{fOY) ® gOx^ifglOy (1.2.8) 

and an isomorphism of functors 

{fgy c^g'-of: A.^^iY) - A,,t{X). (1.2.9) 
Furthermore, for F e Agct{Y) the following diagram is commutative 

g*f*F^g*fOY^gOx {fgrF^g*fOY^g'-Ox {f g)* F ® {f g)' Oy 



g\f F®g'Ox g fF ^ {fg)'F 

with arrows induced by (1.2.7), (1.2.8) and (1.2.9). 

(iv) Let f : X ^ Y be a locally nicely ind-finite morphism from a formal scheme X to a usual scheme 
Y. Then for quasicoherent sheaves F on X and GonY one has a natural isomorphism 

Rom{F (g) fOy, f*G (g) fOy) ~ ffo5i(F, f*G), (1.2.10) 

local in Y (see (1.2.1)^. 

Proof, (i) Let us represent Y as the limit of closed subschcmcs i„ : Yn ^ Y , and set j„ : X„ = f~'^{Yn) ^ 
^) fn = '■ — > Yn. Note that X„ arc usual schemes and X is the inductive hmit of X^. Then 

every F G Aq^tiX) is the inductive limit of the subsheaves jn*Fn: where F„ = j*'Hom{jn*Ox„, F). 
Note that each Fn is quasicoherent (sec [2], Cor. 3.1.6(d)). Also, by Proposition 1.2.2(v), we have 
/*F = limnin*fn*Fn. Similarly, for G G Aqc{Y) let us denote G„ = i*nHom{in*Oy^,G) G Aqc{Yn). Then 
by Proposition 1.1.5, we have 

Hom(/*F, G) = proj limHom(/„*F„, G„) ~ proj limHom(F„, f^Gn) ^ proj limHom(F„, /^Or„ <8) /*G„). 
Using the compatibility of with the base change Yn — > Yn+\ (Proposition 1.1.5) we obtain 

Therefore, 

fOy := projlimj„*/J,OY^ 

n 

is a line bundle on X equipped with isomorphisms jnf'^Y — fnOy^. Hence, 

Hom(F, f'Oy ® G) ~ proj limHom(j„,K, f'Oy ® f*G) ~ proj limRomiFnJUf'Oy) ® f^Gn) 
^ proj limHom(F„, /' Or„ f^Gn) 

which gives a natural isomorphism 

Hom(/*f,G) ~ Hom(F,/'G). 

Furthermore, we have 

f^fOOy ~ projlim/„«/^Or„, 

so the canonical maps fn*fnOy^ — > Oy^ give rise to a map (1.2.4). Is is easy to see that the above 
isomorphism is induced by (1.2.4) (one can replace F by jn*Fn, so the statement reduces to the similar 
statement for /„). 
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Now let us consider a base change diagram 



V X 



U Y 

Assume first that U ]s & usual scheme. Then using the adjoint pair {g^^^g ) and the morphism f^f Oy — > 
Ou, as in the proof of Proposition 1.1.5, we construct a natural morphism 

v^fOy^gOu. (1.2.11) 

Since the map U ^ Y locally factors through some subscheme Yn it follows easily from our construction 
that (1.2.11) is an isomorphism. Next, if [/ is a formal scheme we can represent it as the limit lim„ C/„ 
of closed subschemes and consider the corresponding closed subschemes Vn CV, so that V = lim„V^, 
and let gn '■ Vn ^ Un be the induced morphisms. Let also Vn : Vn ^ X he the morphisms induced by 
V :V ^ X. Then the above argument gives a natural isomorphism i>*/'C'y ~ 5!iC{7„ for each n. Passing 
to inverse limits we get that (1.2.11) is an isomorphism (to represent the left-hand side as a limit we use 
the fact that fOy is a line bundle on X). 

If g : Z — > X is another finite flat morphism then to construct an isomorphism of functors {fog)- ~ 
gof is equivalent to constructing an isomorphism 

{fog)'OyC^g'Oy®g*fOy 

of line bundles on Z. By choosing a representation Y = lim„ Yn as above and using the definitions this 
immediately reduces to the case of schemes, where we can use Proposition 1.1.5. 

Let i : X' — > X be a closed embedding such that /' = / o i : X' — > F is still flat. The map (1.2.5) is 
obtained by passing to limit from the similar maps associated with the closed embeddings X' n X„ — » X„ 
and the finite flat maps /„ : X„ Yn. The proof of the fact that (1.2.6) is an isomorphism easily reduces 
to the case of schemes. 

(ii) First, let us replace Y by its afflne open subset, and X by its connected component, so that X is 
affine and is the inductive limit of a sequence of closed formal subschemes kn ■ Xn ^ X, where each 
Xn is flnite and flat over Y. Note that in this situation we have f\ = /*. Set fn = f ° kn : Xn — > Y. 
Since X and X„ are afline, we have X = Spf(A), Xn = Spf(^//„), where A = projhm„A//„ as a 
topological ring. Therefore, any ideal of definition J C A contains /„ for some n. It follows that for 
every F £ Aqct{X) we have F = lii[nnHom{Ox /^n, F), where X„ C Ox is the ideal sheaf of Xn- Set 
Fn = kn'Hom{0 X /In, F) € Aqct{Xn)- As in part (i), we have 

Hom(/*i^, G) - pro.) limHom(F„, fnG). 

n 

Next, by part (i), for G G Agci{Y) wc have isomorphisms 

UfnG) nom{{kn^n+l)*Ox^Jn+lG): 

where kn,n+i '■ ^ ^n+i is the natural embedding. Therefore, we have natural maps fc„*/^G 
{kn+i)*fn+iG, so that setting 

/'G:=limfc„*/;G (1.2.12) 

n 

we have fc„*/^G ~ 'Hom{Ox /In, f'G). It follows that 

proj limHom(F„, J^G) ~ proj limHom(fc„*F„, fG) ~ Hom(F, /'G), 

n n 

SO G ^ /'G is right adjoint to /*. 



Next, assume that Y is covered by open subsets Yi such that the morphisms fyi '■ Xi = f^^{Yi) Yi 
have the above structure. Then for each i we have the exact functor fy. : Aqct{Yi) Aqcti^i), right 
adjoint to (/yji. Furthermore, these functors are compatible with restrictions to open subsets, so we can 
glue them into an exact functor /' : Aqct{Y) Aqct{X), right adjoint to ft. 

The isomorphism (1.2.7) in the case when y is a usual scheme will follow from part (iii). 

(iii) Let us again consider the situation from the beginning of the proof of (ii). We have natural maps 

so the sheaves (fc„*/^Oy) form an inductive system in Ac{X), and we can set 

fOy =limknJlOY. (1.2.13) 

n 

Note that in the case when F is a usual scheme we have Oy G Aqct{Y), and this definition agrees with 
(1.2.12). Each kn*fnOy is flat over Y, hence so is f'Oy. Now using part (i) and (1.2.12) we obtain for 

G e Aqa{Y) 

fOy rC ~ \imkn.{fnOY ® f^G) ~ limkn* f^G = fG 

n n 

as claimed. Note also that f^,f Oy = limn fn*fnOy and we have a system of compatible morphisms 
fn*fnOy — >■ Oy (see part (i)), so we get a morphism ft,f'Oy Oy. Hence, by the projection formula, 
we have a natural map 

MfOv rC) ~ f^'Oy ^G^G, 
hence, by adjunction, a map (1.2.7). One can easily check that it coincides with the above isomorphism 
by reducing to the case of a finite morphism. 

The fact that the formation of f Oy is compatible with any base change Y' ^Y follows from a similar 
result for finite morphisms (sec part (i)). 

li g : Z Y is another nicely ind-finite morphism then replacing Z by its connected component we 
can assume that Z = lim^Zm, where Qm = g\z^ '■ X are finite and flat. Let us set Zm,n = 

g^^{Xn) C Zjn- Then the induced map gm.n ■ ^m.n ^ Xn is finite and flat, hence, Z,n,n is finite and 
flat over Y. Thus, Z = lim^,?! Zm,n is a nicely ind-finite structure on fg : Z ^ Y. The isomorphism 
(fg)' ~ 5' o /' follows by passing to adjoint functors from {fg)] ~ /i o gri. 

To construct a map (1.2.8), we note that it should correspond by adjunction to a map 

{f9M9*fOy^g'Ox) ^ MfOy^gtg'Ox) - Oy, 

where we used the projection formula. We clearly have such a map induced by the maps g\g Ox — > Ox 
and f\f Oy Oy. To see that it is an isomorphism we apply the definitions (1.2.13) using the nicely 
ind-finite structures on f, g and fg. Namely, let Im '■ Z and lm,n '■ Zm,n Z denote the natural 

closed embeddings. Then we have 

g*f Oy^g'Ox ~ g*f Oy^limlm*glOx ~ \im l^^igU ' Oy ® qLOx) ~ 

m m 

lim lm^„*{gl,^nfnOY 'Si gln.nOx) ^ hm (/„5™,„) ' 0y ~' {fg)'Oy, 
m.n ' m.n 

where (1) and (5) are given by (1.2.13), (2) follows from the projection formula, (3) uses (1.2.13) and the 
compatibility of g'^Ox with the base change (see part (i)), and (4) uses an isomorphism (1.2.8) for finite 
morphisms that follows from part (i). 

The proof of the commutativity of the diagram is tedious but straightforward: since the target vertex 
is {fg)'F, we can use adjunction to rewrite the commutative diagram applying (fg)] = fig] to other 
vertices. 

(iv) It is enough to consider the situation when X = limX„, where each Xn is flat and finite over 
Y. Let us use the same notation as in part (ii). The natural map is obtained as follows: an element 
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a e Hom(F, f*G) induces a map — > f*G for each n, hence, we get a compatible system of maps 

Taking the inductive hmits and using the formula (1.2.13) we get a map F (g) f Oy — *■ f*G (8> f'Oy- To 
see that it is an isomorphism we use (1.2.7): 

Hom(i^ ® fOy,rG ® fOy) ~ proj lim(fc;(fc;i^ ® f'^Oy, f'G) ~ proj lim(fc;i^ ® f^Oy, f^G). 

By Proposition 1.1.5, this is isomorphic to 

proj lim(fc:F, /:G) ^ H^(F, /^G). 

□ 



Example. Let fc be a field. A formal scheme X is nicely ind-finite over Spec(fc) if and only it is Idvr 

pscudo-finite over k, i.e., every connected component of X is of the form Spf A, where A is a nocthcrian 
adic A:-algebra, such that A/ J is finite-dimesional over k for an ideal of definition J. Thus, if G is a 
formal fc-group (see the beginning of section 3 for our conventions on formal fc-groups) then G is nicely 

ind-finite over Spcc(A:). More generally, if X is a formal scheme over k, and f : E ^ X is a. G-torsor then 
/ is locally nicely ind-finite (this immediately reduces to the case of a trivial G-torsor) . 

Let us point out the following corollary from Proposition 1.2.5. For a formal scheme X, locally nicely 
ind-finite flat over a usual scheme S, we set Wx/s = ^-n '■= t^^'^s € Aqct{X), where tt : X — > 5 is the 
structure morphism. 

Corollary 1.2.6. Let S he a scheme, X and Y formal schemes over S, where Y is locally nicely ind-finite 
flat over S. Then for F e Dqct{X) there is a natural isomorphism on X xsY 

ax,Y : P*xF (g) pyUJy/s^PxF, (1.2.14) 

where px and py are the projections from X XsY to X and Y , respectively. Assume that T is another 
scheme, Y is a morphism, and Z is a formal scheme, nicely ind-finite flat over T. Let us form the 
fibered product X XsY Xt Z , and let px, py, Pxy , etc., denote the projections from this product to the 
partial products of factors. Then Y Xt Z is locally nicely ind-finite flat over T, and the following diagram 
is commutative 

PxF '^Py^y/s ®Pz'^z/t ^ PxF ®Pyz{Py Y'^y/s — ^ PxF ^Pyzi^yxtZ/s 



OiX,Y 



ax,YZ 



Pxy{{pD'F)^P*z0^z/t PxYipD'-F ^ PxF 

where Px^ : X xgY ^ X (resp., py^ : Y xt Z ^ Y) are the natural projections, the marked arrows are 
induced by (1.2.14), the remaining arrows are obtained from the natural isomorphism (fg)' — g' o /'. 

Proof. By adjunction, a map (1.2.14) should correspond to morphism on X 

PX\{p*xF ^PyUJy/s) — F (gjpxiPytOy/s ^ F 
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(where we used the projection formula). Applying Theorem 1.2.4(ii),(iii) to the cartesian diagram 

Py 



Y 



Px 



X 



TTX 



we obtain an isomorphism F pxiPy'-^Y/S — F (E) 7r^(7ry 1)^^/5. Now the desired morphism is induced 
by the canonical map ttyic^y/s = T^YtT^yOs Os- To check that (1.2.14) is an isomorphism we can 
argue locally in S, so we can assume that ny lY ^ S is (globally) nicely ind-finite. Then we can apply 
the compatibility of the formation of uiy/s = T'yOs with the base change, which gives an isomorphism 
Pl^ioy/s o^p'xOx- Now (1.2.14) follows from (1.2.7). 

In the case when Z is nicely ind-finite over T, then the projection Y Xt Z ^ S is the composition 
of py^ with TTy, so it is nicely ind- finite. The desired commutativity of the diagram follows from the 
commutativity of the diagram in Proposition 1.2.5(iii) applied to the composition ofpx^ with pxY (note 
that both these projections are nicely ind-finite). □ 



1.3. Biextensions. Let <S be a site, and let Sh{S) denote the category of sheaves of abelian groups over 
S. We refer to sec. 1.4 of [23] for basic definitions concerning (strictly commutative) Picard stacks over 
S. Roughly speaking, these are sheaves of categories V over S equipped with a commutative group law 

V X V V satisfying appropriate axioms. If K = [K~^ -i K^] is a complex over Sh{S), concentrated 
in degrees —1 and 0, then one has the corresponding Picard stack ch{K) with objects given by sections 
of K^, where a morphism between x and y in K°{U) is an element / G K~^{U) such that df = y — x. In 
fact, every Picard stack can be represented in this way (see [23], 1.4.13). For example, if G is a sheaf of 
abelian groups then the Picard stack of G-torsors is equivalent to ch(G[l]) (sec [23], 1.4.21). 

For a pair of Picard stacks V\,V2 there is a natural Picard stack HOM{Pi,P2) of homofunctors 
"Pi — > ^2 (the corresponding term in [23] ,1.4 is "foncteur additif). For complexes of sheaves Ki and 
K2, concentrated in degrees —1 and 0, one has 

H0M{ch{Ki),ch{K2)) ^ chT<oRHom{Ki,K2), (1.3.1) 

where in the right-hand side we view Ki and K2 as objects of the derived category D^{Sh{S)) (see 
[23](1.4.18.1)). 

Lemma 1.3.1. ([23], 1.4.23) Let K = [K''^ K^] he a eomplex over Sh{S), and let G G Sh{S). 
Then the Picard stack of extensions EXT{K,G) (i.e., of extensions of by G, trivialized over K~^) 
is equivalent to HOM{ch{K),ch{G[l])). 

For a triple Vi,V2, Vs of Picard stacks there is a Picard stack HOM {Vi,V2; Vs) of biadditive functors 
■Pi X — > "Pa (see [23], 1.4.8). In terms of complexes of sheaves Ki, K2, K3 as above, we have 

HOM{ch{Ki),ch{K2);ch{K3)) - chr<ni?Hom(T>-i (JCi (g)'^ JsTz), A'3) - chT<nRllom(K^ ®^ K2,Ks) 

(1.3.2) 

(using [23], (1.4.8.1), 1.4.20 and (1.3.1)). 
Lemma 1.3.2. One has a natural equivalence 

HOM{Vi,p2;V3) ^ HOM{Vi,HOM{V2,V3)). (1.3.3) 
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Proof. This can be deduced directly from the definitions. Alternatively, we can realize each Picard stack 
Vi as ch.{Ki) for some complexes Ki {i = 1,2,3) concentrated in degrees —1 and 0. Using (1.3.1) and 
(1.3.2) we obtain similar representations for both sides of (1.3.3). It remains to use the isomorphism 

BEam{Kx ®^ K2, K3) ~ KHom{Ki, RHomiK^. K3)) ~ i?Hom(J^i, T<aKHom(Ko. K3)). 

□ 

Proposition 1.3.3. Let P, Q and G be three sheaves of commutative groups on some site. Then the 
category of biextensions of P x Q by G is equivalent to the category of homofunctors P — > EXT{Q,G). 

Proof. Let BIEXT{P, Q; G) denote the Picard stack of biextensions of P x Q by G. Then we have a 
natural functor 

BIEXT{P, Q; G) HOM{ch{P), ch(Q); ch(G[l])) (1.3.4) 

that associates with a biextension the corresponding map from pairs of sections {p, q) of P x Q to G- 
torsors. Using (1.3.3) and Lemma 1.3.1 we see that the right-hand side is equivalent to the Picard stack 
of homofunctors from P to EXT{Q,G). Thus, it suffices to prove that (1.3.4) is an equivalence. This 
can be checked directly using the definition of the biextension as in [24], 2.0. Here is a different way to 
check this. By (1.3.2), we have 

HOM{c]i{P), ch(Q); ch(G[l])) ~ chr^nfiHomfP o"^ Q, G[l]). 

Therefore, the sheaf of automorphisms of the neutral object of this Picard stack is Hom(P (g)"" Q, G) while 
the sheaf associated with the isomorphism classes of objects is Ext "'^(P ®^ Q, G). But these are exactly 
the same sheaves as one gets for the Picard stack of biextensions (see [24], 2.5.4 and 3.6.5). □ 

The following result follows immediately from [25] (1.1.6) and 1.5 (it can also be derived from the 
above Proposition by considering the subcategory of locally trivial extensions in EXT{Q, G)). 

Proposition 1.3.4. For P,Q,G as above there is a fully faithful functor 

EXT{P, Hom(Q, G)) BIEXT{P, Q; G). 

if Ext ^(Q, G) = then this functor is an equivalence. 

The condition Ext ^(Q, G) = is satisfied in the following important case. 

Lemma 1.3.5. ([25], 3.3.1) Let G be a finite flat group scheme over S Then Ext ^(G, G^) = 0. 

Now let k be a field of characteristic zero. Then similar vanishing holds for affine commutative algebraic 
groups over k and for formal fc-groups (for our assumptions on formal /c-groups see the beginning of section 
3). 

Lemma 1.3.6. (i) Let G be an affine commutative algebraic group over k or a formal k-group. Then 

Ext\G,(G„0 = 0. 

fzij // ^ Gi — > G2 ^ G3 — > is an exact sequence of formal k-groups then there exists a finite field 
extension k C k' and a section [G^jk' — > {G2)k' (not required to be a group homomorphism). Hence, 
G2 Gs is a Gi -torsor in flat topology. 

Proof, (i) For affine commutative algebraic groups this follows immediately from the Cartier duality since 
Gm is dual to Z. Now assume G is a formal /c-group. Let G" be the component of identity in G. Passing 
to a finite extension of k we can assume that G/G^ is a finitely generated discrete abelian group, so 
Ext^ (G/GO, Gm) = 0. Now If we have a group extension 

1 — > Gm — ^ H — > G^ — > 1 

then we can pass to the corresponding extension of Lie algebras 

0-^k^ LH LG° 0. 
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Since the characteristic of k is zero and all the Lie brackets here are trivial, we have a splitting LG^ — > LH 
that induces a splitting ^ H 

(ii) Since all our formal fc-groups are assumed to be commutative, the extension splits over Gg (by 
considering the extension of Lie algebras). Thus, it is enough to consider the case when Gs is etale. 
Passing to a finite extension of k we can assume that G3 is a finitely generated discrete abelian group, in 
which case the statement is clear. □ 

Remark. The vanishing in Lemma 1.3.6(i) also holds for formal groups over fields of finite characteristic — 
one can reduce this to the case of finite group schemes. 

2. Kernel algebras 

In this section we present a formalism generalizing the techniques of Fourier- Mukai transforms for 

D-algebras developed in [39]. We consider more general "nonlocal" algebras and generalize the main 
construction of the "circle product" from [39] by making use of appropriate resolutions. The main result 
of this section is Theorem 2.5.1 generalizing Thm. 6.5 of [39]. Throughout this section we work over a 

fixed base scheme S, and all our schemes are assumed to be 5-schcmcs. Wc denote simply hj X y.Y the 
fibered product over S. All schemes in this section are assumed to he semi-separated. 

2.1. Convolution for quasicoherent sheaves. Let us start by recalling the basic properties of the 
convolution operation for quasicoherent sheaves (called the circle product in [39]). Given F e Dqc{X x Y) 
and G e Dqc{Y x Z) we set 

F Oy G = P13*{P12F' (E> P23G), 

where pij are the projections from X xY x Z to the double products of factors. 

Lemma 2.1.1. (i) Assume that in each pair of S-schemes {X, Z) and (F, T) at least one is fiat over S. 
Then for F e Dgc{X xY), Ge Dgc{Y x Z) and H e Dgc{Z x T) one has 

{F oyG)ozH c^F oy (G oz H). 

(ii) Assume that X is flat over S. Then for F e Dqc{X x Y) and G e DqdY) one has 

Foy A,G~F®p*G. 

The proof is a simple application of the projection and base change formulae (cf. [33], Prop. 1.3). 

Lemma 2.1.2. (i) Assume that we are given a morphism g -.Y ^ Y' and let X and Z be schemes. If g 
is flat or Z is flat over S then for F e Dqc{X x Y) and G' e Dqc{Y' x Z) we have a natural isomorphism 

{{idx xg),F) oy,Gc^F oy {g X idz)*G. 

Similarly, if g is flat or X is flat over S then for F' G Dgc{X x Y') and G G Dgc{Y x Z) one has 

F' oy, {g X iAz)*G ~ ((idx Xff)*F') G. 

(ii) Assume that we are given morphisms f : X ^ X' and h : Z ^ Z' . If f is flat or Z is flat over S 
then for F G Dqf.[X x Y) and G G DgdY x Z) we have a natural isomorphism 

if X idz)4F °Y G) ~ ((/ X idy),F) Oy G. 

Similarly, if h is flat or X is flat over S then one has 

{idx x/i)*(F G) ~ F Oy {idy x/i)*G. 

(Hi) Assume that we are given morphism,s f : X ^ X' and, h : Z ^ Z' , and let Y be a scheme. Assume 
that either f and h are flat or Y is flat over S. Then for F € Dgc{X' x Y) and G € Dgc{Y x Z') one 
has a natural isomorphism 

(/ X hY{F oy G) ~ ((/ X idy)*F) oy ((idy xhYG') . (2.1.1) 
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(iv) Assume that we are given morphisms f : X X' , g :Y Y' , and let Z be a scheme. Assume that 
either f and g are flat or Z is flat over S. Then for F G Dqc{X x Y) and G £ Dgc{Y' x Z) one has a 
natural isomorphism 

(if X g).F) OY- G ~ (/ X idz). {F oy [g x idz)*G) . (2.1.2) 

Proof. The proofs of (i), (ii) and (iii) are easy applications of the projection and base change formulae, 
(iv) follows from (i) and (ii). □ 

Assume we are given a triple of morphisms f : X ^ X' , g : Y ^ Y' , h : Z ^ Z' , where either all 
these morphisms arc flat, or X and Z' arc flat over S, or X' and Z are flat over S. Then we can define 
for F G Dqc{X x Y) and G G DqdY x Z) a, natural morphism 

(/ X g),F oy, {g X h),G (/ x h),{F oy G). (2.1.3) 

Indeed, say, assume that X and Z' arc flat over S. Then using (2.1.2) we get an isomorphism 

(/ X g)^F OY< {g X h)^G ~ (/ x idy)* (F oy {g x \Az)*{g x h)^G) . 

Now using the adjunction morphism 

{g X \dz)*{g X h)^G ~ (5 x \Az)*{g x idz)H,(idy x/i)h,G ^ (idy x/i),G 

we get a morphism from (/ x g)t,F oyi {g x /i)*G to 

(/ X idy), {F oy {idy Xh)M) ^ (/ X h),{F oy G), 

where the last isomorphism follows from Lemma 2.1.2(ii). We leave for the reader to formulate and prove 
the associativity of this construction, say, under the assumption that all schemes involved are flat over S. 

Definition. An object K G Dqc{X x Y) is o-flat over Y (or oy-flat) if for every quasicohcrcnt sheaf F on 
Y the object K oy F £ Dqc{X) is a sheaf. In the case X = S we have K G Dqc{Y) and the condition of 
oy-flatness means that the functor F n^,{F (Si K) on Dqc is f-exact, where tt : F — > 5 is the projection. 



Note that the condition of o-flatness over Y is local over X. 

Lemma 2.1.3. (i) Let f : X ^ X' and g : Y ^ Y be affine morphisms and let f : X ^ X and 

g : Y ^ Y' be flat m,orphisms. Then (/ x g), sends oy-flat objects to oyi-flat objects. Assume in 
addition that either g is flat or X is flat over S. Then (/ x ^)* sends oy-flat objects to Oy-flat objects. 

(ii) If K G Dqc{X x Y) is oy-flat then K is a quasicoherent sheaf on X xY, flat over Y. IfY is affine 

over S then the converse is also true. 

(iii) Let K be a oy-flat quasicoherent sheaf on X xY , and let Z be a scheme. Assume that either X or 
Z is flat over S. Then for any quasicoherent sheaf LonYxZ the object K oy L G Dqc{X x Z) is a 
sheaf. 

(iv) Let K G Qcoh(X x Y) be oy-flat and L G Qcoh(F x Z) be oz-flat. Assume that either X or Z is 
flat over S. Then K oy L G Dqc{X x Z) is also oz-flat. 

(v) Assume again that either X or Z is flat over S. If K G Qcoh(Xxy) is oy-flat and L is a quasicoherent 
sheaf onYxZ, flat over Z, then K oy L G Qcoh(X x Z) is also flat over Z. 

(vi) Let q : K* — > K* is a quasi-isomorphism of bounded complexes of quasicoherent sheaves onXxY with 
Oy-flat terms. Then for every L G Qcoh(F x Z) the induced morphism of complexes K* oy L — > K* oy L 

is a quasi-isomorphism. 

Proof, (i) This follows from the isomorphisms of Lemma 2.1.2. 

(ii) Without loss of generality we can assume S to be affine. Assume first that Y is also affine. Then the 

functor pi, : Dqc{X x Y) ^ Dqc{X) is f-cxact and conservative. Hence, the condition of oy-flatness is 
equivalent to the condition that the functor F ^ K ® P2F : Dqc{Y) — > Dqc{X x Y) is t-exact. Taking 
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F = Oy we immediately see that K itself is a sheaf. Furthermore, this exactness condition is easily seen 
to be equivalent to flatness of K over Y . 

Now for arbitrary F, using part (i), we see that K\xxU is ©[/-flat for any open afline subset U dY. 
As we have just shown this implies that -ft'|xx!7 is a sheaf, flat over U. Hence, K itself is a sheaf, flat 
over Y . 

(iii) The problem is local in Z, so we can assume that Z is afJine. Then it is enough to check that 
Px^{K Oy L) G Dqc{X) is a sheaf, where : X x Z ^ X \s the projection. Since X is flat over S, by 
Lemma 2.1.2, one has 

pYAKoyL)^Koy{pl^^L), 

where p^^ -.Y x Z ^Y is the projection. Now we observe that PyfL is a sheaf on Y and use the fact 

that K is oy-flat. 

(iv) This follows from the associativity of the convolution in this case (see Lemma 2.1.1(i)). 

(v) Without loss of generality we can assume S and Z to be afflne. Now the statement follows from (ii) 
and (iv). 

(vi) It is enough to check that if a bounded complex K* of quasicoherent sheaves on X xY with oy-flat 
terms represents an object F e Dqc{X x Y) then the complex K* oy L represents Foy L G DqdX x Z). 
This can be easily proved by induction in the length of K* . □ 

Lemma 2.1.4. (i) Let f : Z ^ X be an affine morphism and g : Z ^Y a morphism of schemes. Then 
for any quasicoherent sheaf F on Z, flat over Y, the quasicoherent sheaf {f,g)*F on X xY is o-flat over 
Y. 

(ii) The same assertion is true for the sheaf {f,g)a*F if ^ and Y are schemes, Z is a formal scheme, f 
is Idu-affine, and F is a sheaf in Agct{Z), flat over Y. 

Proof, (i) The fact that F is flat over Y implies that the functor 

Dg,{Y)^Dg,{Z):G^F^g*G 

is t-exact. Now the assertion follows from the isomorphism 

{f,g).FoyGc,f,{F^g*G) 

for G € Qcoh(y) (that follows from the projection formula for the map {f,g)). 

(ii) One can repeat the above argument using the projection formula for sheaves on formal schemes (see 
Theorem 1.2.3) and the fact that /o-* is exact for Wzt-affine /. □ 

Lemma 2.1.5. Let X , Y and Z he schem,es, where either X or Z is flat over S. 

(i) Let K be a oy-flat quasicoherent sheaf on X x Y . Then the functor 

Qcoh(r X Z)^ Qcoh(X x Z) : F ^ K oy F 
commutes with inductive limits. 

(ii) Let {Ki) he an inductive system of oy -flat quasicoherent sheaves on X xY. Then limjJTj is still 
Oy-flat, and for every quasicoherent sheaf F onY x Z the natural map 

\mi{Ki Oy F) {\im.Ki) oy F 

is an isomorphism. 

Proof, (i) By definition, K oy F = pxz*{p*xyK ®Py^F), where we use projections from X xY x Z io 
double products of factors. Recall that K oy F \s a, sheaf by Lemma 2.1.3(iii), and K is flat over Y by 
Lemma 2.1.3(ii). It follows that the sheaf P*xyK is flat over Y x Z,so we can use the underived functors 
in the above formula for K oy F. All of them commute with inductive limits (for the push-forward see 
Lemma 1.1.1). 
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(ii) Note that lim Ki is flat over Y, so for F G Qcoh(y x Z) we have 

p*XY{^'^'^Ki) F ~ {\\mp*xYKi) (g) ~ \im{p*xYKi F), 

where wc can use the undcrived functors. Now using Lemma 1.1.1 we find that the derived push-forward 
of this sheaf by pxz is concentrated in degree and is isomorphic to hmifj oy F. □ 

2.2. Kernel algebras. Let X be; a flat scheme over 5*. We denote hy A : X ^ X x X the (relative over 
S) diagonal embedding. Note that this is an afline morphism, since X and S are semi-separated. 

Definition, (i) A kernel algebra over X is an object A £ Dqc{X x X) equipped with a morphism 
jj : Aox A ^ A (product) and a morphism u : A^,Ox — > A (unit), subject to the usual associativity and 
unit axioms. Note that in these axioms we use the isomorphisms 

{A Ox A) Ox A A Ox {A ox A) and A ox A^Ox ^ A^Ox ox Ac^A 

(see Lemma 2.1.1). Homomorphisms between kernel algebras over the same scheme X are deflned in an 
obvious way. A kernel algebra A over X is called pure if ,4 is a quasicoherent sheaf on X x X, o-flat over 
X with respect to both projections. 

(ii) A left (resp., right) module over a pure kernel algebra ^ is a quasicoherent sheaf F on X equipped 
with a morphism A ox F ^ F (resp., F ox A F) satisfying the usual associativity and unitality 
axioms. We denote by .4. — mod the category of left .4-modules. 

(iii) We say that a pure kernel algebra A over X is finite if .A is a coherent sheaf on X x X. In this case a 
(left or right) module F over A is called coherent if F is a coherent sheaf on X. We denote by .4. — mod'^ 
the category of coherent ^-modules. 

Henceforward, whenever we consider kernel algebras over X we implicitly assume X to be flat over S. 

Note that if ^ is a pure kernel algebra then by Lemma 2.1.3(ii), the object Aox A G Dqc{X x X) 
(resp., Aox F, F ox A) appearing in the above deflnition is a sheaf. Using exactness of the functor 
F ^ A Ox F one can immediately check that A — mod (resp, A — mod^ if A is finite) is an abelian 
category. 

Lemma 2.2.1. Let A he a pure kernel algebra over X. Then for any inductive system of left A-modules 
(Fi) there is a natural A-module structure on the quasicoherent sheaf F = limj Fj. The obtained A-module 

F is the limit of (Fi) in the category of A-modules. 

Proof. For each map Fi Fj in this inductive system there is an induced map of quasicoherent sheaves 
Aox Fi Aox Fj, so we get a map of inductive systems (.4. ox Fi) — > (Fj). Passing to the limit and 
using Lemma 2.1.5(1) we get a map 

A Ox lim Fi ~ lim Aox Fi ^ lim Fi , 

so we get an action oi A on F — limF^. It is easy to check that this is a structure of an .4-module on F, 
and that it is the limit of (Fj) in the category of .4-modules. □ 

Lemma 2.2.2. Let A be a pure kernel algebra over X, F a left A-module. Then the complex of left 
A-modules 

...^AoxAoxF^AoxFHf^Q 

is exact, where the differentials di are alternating sums of the appropriate operations in two consecutive 

factors. 

Proof. Similarly to the case of associative algebras, we can consider the map s„ : A°^^ ojf F — *• 
jox(n+i) p induced by the unit morphism u : A*Ox ^ .4 in the first factor. One immediately 
checks that (s„) is a contracting homotopy for our complex, hence it is acyclic. □ 
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Lemma 2.2.3. Let A be a finite pure kernel algebra over X. Then the natural functor D~ (A — mod'^) ~* 
D~{A— mod) is fully faithful, and its essential image consists of all complexes of A-modules with bounded 
above coherent cohomology. 

Proof. This is proved in the same way as for usual sheaves of Cjsf -modules (sec e.g., [10], Cor. 1). One only 
has to check that for every surjection of ^-modules F G, where G is coherent, there exists a coherent 
^-submodule Fq C F that still surjects onto G. We can start with a coherent subsheaf F' C F surjecting 
onto G and then replace it with the image of the corresponding morphism of .A-modules AoxF' —>■ F. □ 

ExEtmples. 1. If ^ is a D-algebra on X (see [5]), flat as a left and as a right Ox-niodule, then the 
associated sheaf SA onX xX has a structure of pure kernel algebra, and the modules over 6 A are exactly 
modules over A in the usual sense. Note that o-flatness of 6A over X (with respect to either projection) 
reduces to the usual flatness, since 6A is supported on the diagonal. 

2. Let G be a discrete group acting on a scheme X. Then we have a natural pure kernel algebra structure 
on 

■Ax ■■= ®9eGCr,, 

where Tg C X X X is the graph of the action of € G on X, i.e., Tg = {{gx,x) \ x E X}. The 
product is induced by the natural isomorphisms °x C'r^, — ^r^^, • For every F e Qcoh(X) we have 
natural isomorphisms Or, F — {g~^)*F. It is easy to see that ^^-modules are exactly G-equivariant 
quasicoherent sheaves on X. Later we will generalize this example to actions of finite group schemes and 
of formal groups (see Corollary 3.3.2). 

3. Assume that X and S are affine, X = Spec A, S = Spec R. Then a pure kernel algebra A over X 
corresponds to an associative ring r(^) equipped with a homomorphism A — > r(^) such that the image 
of R is in the centre of r(^), and such that r(^) is fiat as a left (resp., right) ^-module. Modules over 
A are usual modules over r(^). 

We are going to describe several basic operations with kernel algebras. Let us denote hy a : Y x X ^ 
X xY the permutation isomorphism. Then for K G Dqc{X x Y) and L G Dqc{Y x Z) we have a natural 
isomorphism 

a*{K oy L)c:^a*LoY a*K 

on Z xX. 

Definition. For a kernel algebra A over X the opposite kernel algebra A"^^ is a* A, where a is the 
permutation of factors in X x X. The product structure is induced by the product structure on A using 
the isomorphism (2.2.1). Note that the opposite of a pure kernel algebra is pure. The isomorphism (2.2.1) 
also shows that in the pure case there is an equivalence of the category of left .A^^^-modules with the 

category of right ^-modules (and vice versa). 

For K e Dqc{X X Y) and K' e Dqc{X' xY')wc denote the external product 
KUK' = (jI^{p\yK®Px>y'K') e DqciX x X' xY x Y'), 
where 1T23 : X x X' x Y x Y' ^ X x Y x X' x Y' is the transposition. 

Lemma 2.2.4. (i) For K € Dgc{X xY), L€ Dq^{Y x Z), K' G Dqc{X' x Y') and L' G Dqc{Y' x Z') 
one has 

{KUK') oy^y' {LUL') ~ {K oy L)U{K' oy' L') 
provided Y and Y' are flat over S. 

(a) For K and K' as above and for F e Dqc{Y x Y') one has a natural isomorphism on X x X' : 

{KUK') oyxY' ~ (if Oy F) Oy, {a*K') 
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2.2.1 



provided either X' or Y is flat over S . 

(Hi) Assume that X and X' are flat over S. If K (resp., K' ) is a quasicoherent sheaf on X xY (resp., 
X' X Y'), o-flat over Y (resp., Y') then KUK' is o-flat over Y x Y'. 

Proof. Parts (i) and (ii) are easy applications of the projection and base change formulae. Part (iii) 
follows from (ii) and from Lemma 2. 1.3 (iii). □ 

Definition. If ^ is a kernel algebra over X and B is a kernel algebra over Y then their external product 
AuB has a natural structure of the kernel algebra over X xY induced by an isomorphism of Lemma 
2.2.4(i). If A and B are pure then so is AuB (the required o-flatness follows from Lemma 2.2.4(iii)). 

Lemma 2.2.5. Let A (resp., B) be a pure kernel algebra over X (resp., Y ). Let F be a quasicoherent sheaf 
on XxY. Then an AC\B°pp -module structure on F is determined by a pair of morphisms a : AoxF — > F, 
(3 : F oy B ^ F that satisfy the left and right module axioms and that commute with each other, i.e., the 
following diagram is commutative 

AoxFoyB — Aox F 



FoyB ^ F 

Proof. This follows easily from the natural isomorphism 

(^□B°ff ) oxxY F c^Aox Foy B 
provided by Lemma 2.2.4(ii). □ 

For example, taking B = A^Oy we see that an ^□A^Oy-module structure on a quasicoherent sheaf 
on X X y is given by a morphism A ox F ^ F on X x Y satisfying the module axioms. 

Definition. Let f : X Y he a, morphism of flat S'-schemes. If ^ is a kernel algebra over X then 
(/ ^ f )*-^ has a natural structure of a kernel algebra over Y induced by the morphism 

(/ X f%A oy if X f),A ^ (/ X f),{A ox A) 

(see (2.1.3)). If in addition / is flat and afline, Y is flat over S, and A is pure, then (/ x f)*A is also 
pure. Indeed, the fact that (/ x f)^,A is o-flat over Y follows from Lemma 2.1.3(1). We call the kernel 
algebra (/ x /)*.A the push-forward of A under f. 

Lemma 2.2.6. Let f : X ^ Y be a flat affine morphism, where Y is flat over S. Then for a pure kernel 
algebra A over X the functor F i— > f^,F induces an equivalence of the category of A-modules with the 
category of (/ x f) ^A-modules. If in addition f is finite and A is finite then so is (/ x /)».4, and we have 
an equivalence A — mod*^ — (/ x f)*A — mod*^. 

Proof. Note that the assertion is clear in the case when Y and S are affine. In the general case, for an 
^-module F the natural (/ x /)*yl-module structure on f^F is given by the following composition 

(/ x f),A oy f.F^fM ox f\UF) ^ f,{A ox F) ^ f,F, 

where the first isomorphism is derived from (2.1.2), and the second arrow is induced by the adjunction 
map f*f*F — > F. Conversely, assume we are given an (/ x /)*^-module structure on a quasicoherent 

sheaf G over Y. Then it induces an /^Ojsf -module structure on G, so that G ~ f*F. Furthermore, it is 
easy to see that the structure morphism from (/ x f)t,Aoy f^F ~ f*{Aox f*f*F) to /*F commutes 
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with the /^Ox-module structures on both sides, so it is induced by a morphism A ox f*f*F — > F. We 
claim that this morphism factors through the canonical morphism a : Aox f*f*F Aox F. Indeed, 
since a is surjective it is enough to check this locally. But in the afSne case we know this to be true. The 
associativity of the obtained action Aox F ^ F can also be checked locally. 

In the case when / is finite the functor preserves coherence, which implies the second assertion. □ 

Remark. Let .4 be a pure kernel algebra on X, and let g : Y ^ Y' be an afline morphism of flat 
S'-schemes. Then for an .AnA^Cy-module F on X x Y we can introduce a natural ^DA^Oyz-module 
structure on {idx xg)*F. Namely, it is given by the map 

Aox (idx xg)*F ~ (idx xg)*iAox F) -> (idx x.g)*F, 

where the first isomorphism follows from Lemma 2.1.2(ii). If in addition g is flat then by Lemma 2.2.6, 
we can view (idx xg)*F as a module over the pure kernel algebra ^□A*^*©!-, and the above A^A^^Oy- 
module structure is induced by the homomoprhism of kernel algebras AoA^Oy — > A^A^g^Oy- 

2.3. Cech resolutions. We are going to introduce a notion of compatibility of a kernel algebra A with 
an open covering, so that the Cech resolution of an .4-module with respect to this covering would inherit 
the >l-module structure. Here is a general framework for this construction. 

Definition. Let (C, *) be a monoidal category with a unit object I, and let {A, /j, : A* A A,u : I ^ A) 
he an algebra in C, O an object of C. We say that a morphism 

(7 : A*0 ^ 0*A 

is compatible with the algebra structure on A if the following diagram is commutative 

A* A* O A* O * A O* A* A 



A*0 0*A 

where the horizontal (resp., vertical) arrows are induced by a (resp., /i), and in addition a{u*ido) = ido *u 
(equality of morphisms from O to O * ^4). 

The next lemma gives a pattern for constructing complexes similar to Cech resolutions. 

Lemma 2.3.1. Let (C,*), A, (0,0") be as in the above definition. Assume in addition that the category 
C is additive (where the monoidal structure is given by an additive functor), and O is equipped with a 
morphism t : / — > O such that a{idA = t* id^ (equality of morphisms from A to O * A). Then there 
is a natural structure of a dg-algebra (with a unit) over (C, *) on 

T*(0) *A:=A®0*A®0*0*A®..., 

where multiplication is induced by the product on A and a, the differential d is characterized by 

d{A) = 0, d\o = (ido *t — t * ido) * idA :0*A^O*0*A. 

The morphism t * id^ : A ^ O * A defines a map of complexes of A-bimodules 

A^T>^{0)*A[1]. 

Similarly, for every left A-m,od,ule M there is a natural structure of a left (unital) dg-module overT*(0)*A 
on T*{0) * M and a map of complexes of A-modules M T>°{0) * M[l]. 
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The proof is left to the reader. 

We will apply this Lemma to the monoidal structure given by the convolution. The algebra A will be 
a kernel algebra and the object O will be the sheaf A(il) concentrated on the diagonal associated with 
an open covering H (see (2.3.1) below). The obtained complex of ^-modules T>°(0) * M[l] will be the 
Cech resolution. 

By an open covering it = (Ui) of X we always mean an open covering with respect to the flat (fppf) 
topology. For a quasicoherent sheaf F on X and an open covering {Uiji^i of X, such that the maps 
ji : Ui ^ X are afHne, let us denote by C^{F) the corresponding Cech resolution of F (where indices are 
allowed to coincide). Namely, 

C!,{F) = ®jci^+ijj,.j*jF, 

whore for J = (zo, • • • ,ip) we denote by jj : Ui„ Xx ■ ■ ■ Xx Ui^ ^ X the natural embedding. Note 
that in this case all the fibered products of ji's are still affine maps, so the corresponding push-forward 
functors are exact. For example, we can take Cech resolutions corresponding to afSne open coverings 
(the corresponding morphisms ji : Ui ^ X will be automatically aflinc since X is semi-separated) . 

These Cech resolution can be viewed in the context of Lemma 2.3.1 as follows. Consider the following 
sheaf on X X X: 

A(H) := A^C^iOx) = (BiA^ji^Ou,. (2.3.1) 

It is equipped with the natural map l : A, Ox A(il), hence we have the corresponding dg-algebra 
T*(A(it)) with respect to the circle product. Set 0*{X,H) := T>°(A(it))[l]. It is easy to see that 

0'{X,ii) = A^C'^iOx). 

Furthermore, for F £ Qcoh(X x Y) (resp., G € Qcoh(F x X)) we have natural isomorphisms of resolutions 
of F (resp., G) 

0'{X,il)oxF^C'^u^^y)iF), (2.3.2) 

GoxO-(X,il)~C(V,y^)(G). (2.3.3) 

Using Lemma 2.3.1 we arrive to the following definition which specifies when Cech resolutions for modules 
over a kernel algebra still carry an action of this kernel algebra. 

Definition. We say that an open covering (Ui) of X (with afHne maps ji : U ^ X) is compatible with 
a kernel algebra A over X if there is an isomorphism in D{X x X) 

a: A Ox A(it)=?A(it) o^^ A (2.3.4) 

compatible with the kernel algebra structure on A and with the canonical homomorphism A^,Ox A(il). 
We say that a pure kernel algebra A over X is of affine type if there exists an open affine covering (Ui) 
of X with respect to the flat topology, compatible with A. 

Examples. 1. Let tt : X ^ S he the projection. Then for any open covering (Si) of S such that the 
maps Si S are afflne, the induced open covering {U = Si Xs X) oi X is compatible with any kernel 
algebra over X. Indeed, this follows from the natural isomorphisms of X Xs X-schemes for each i: 

UiXsX^ Si Xs {X Xs X) :^ {X xs X) xsSiC^X xs Ui. 

2. Let ^ be a pure kernel algebra over X. If (U) is an open afiine covering of X with respect to the 

Zariski topology and the support of .4|f/,xx (resp., A\xxUt) contained in Ui x U for every i, then 
{Ui) is compatible with A. For example, if A is supported on the diagonal in X x X (i.e., comes from a 
D-algebra) then A is of afSne type. 

3. Assume that A is associated with an action of a discrete group G on X (sec Example 2 in section 2.2). 
Take an open afflne covering {Ui)i^i of X such that G permutes the open subsets Ui. In other words, we 
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assume that there is an action of G on the set of indices / and isomorphisms Og : Ui-^Ug(^i) defining the 
action of G on Ujt/j such that for each g € G the diagram 



Ui 



U. 



9(i) 



hii) 



X X 

is commutative. Then it is easy to check that the covering [Ui) is compatible with A. For a generaUzation, 
see Proposition 3.6.2. 

Assume that an open affine covering il = [Ui) is compatible with a pure kernel algebra A. over X. 
Then by Lemma 2.3.1, we have a natural resolution of A by ^□^°*'P-modules an. X x X 

A'iiX) ■.= 0'{X,'d)oxA-AoxO'{X,'iX) (2.3.5) 

that can be identified with the Cech resolution of A with respect to either covering: [Ui x X) or {X x Ui). 

We will also need truncated Cech resolutions. First, for every > consider the complex t<nC*jj,^{Ox ) ■ 
Clearly it is still a resolution of Ox- We are going to show that for sufficiently large N this truncation 
will be a sufficiently good replacement for the Cech complex (see Lemma 2.3.3 below). 

Lemma 2.3.2. Let il = {Ui) he an open covering of X such that the morphisms ji : Ui X are affine. 

(i) For every N > the kernel of the differential = ker(d^ : Cj7(Ox) -» C^+\Ox)) is locally a 
direct summand of C^~^{Ox)- 

(ii) If F is a quasicoherent sheaf on X then we have 

t<nC^{F) ~ {t<nC^{Ox)) ^F:^ t<nO'{X, ii) ox F. 

Proof, (i) Localizing we can assume that one of the open subsets is X itself. In this case we have a 
contracting homotopy h for the complex 

Ox ^ C^iOx) ^ Cl,{Ox) ^ . . . . (2.3.6) 

Restricting h to wc get a splitting C^~^{Ox) of the surjection C^~^{Ox) ^ induced 

by d^~^. Hence, is a direct summand of ^^(C'x)• 
(ii) As we have seen in (i), the short exact triples — > K^~^ — > C^~^ — > — > are locally split. 
Therefore, tensoring them with any quasicoherent sheaf we still get exact triples. □ 

From our point of view the key feature of the Cech resolution is that it transforms flat sheaves into 
complexes of o-flat sheaves. Let us show that the same is true for sufficiently big truncated Cech resolu- 
tions. 

Lemma 2.3.3. Let V he a flat quasicoherent sheaf on X , and let il = {Ui) he an open affine covering 
of X (with respect to the flat topology). Let uq be the integer such that W{X,F) = for i > uq for 
all quasicoherent sheaves F. Then there exists no such that for N > no all terms of the truncated Cech 

resolution t<cnC^{V) are o-flat over X . 

Proof. First, we note that by Lemma 2.1.3(i),(ii), all the terms C^(V^) are o-flat over X (because V is 
flat over X). Therefore, we only have to check that K'^{V) = ker(C^(l/) ^ Cj^+^l/)) is o-flat over X. 

Recall that by Lemma 2.3.2, K'^ {V) is the tensor product of V with a flat sheaf {Ox), so it is flat 
over X. Therefore, for every quasicoherent sheaf G on X the sequence of sheaves on X 

Q^V®G^ G^{V) (g) G ^ . . . C^-\V) (g) G ^ {V) O G ^ 
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is exact. Since in this sequence all the sheaves Cl^{V)(S)G are 7r-acyclic, where w : X ^ S is the projection, 
our assumption N > no implies that K'^ {V) (8) G is also 7r-acyclic. Hence, 

Gox {V) ^ 7r,{K^ (V) G) 

is concentrated in degree 0, i.e., K^{V) is o-flat over X. □ 

2.4. Convolution for modules over kernel algebras. Let {X,A), {Y,B), {Z,C) be three (flat) S- 

schemes equipped with pure kernel algebras. We would like to find an analog of the convolution operation 
considered in section 2.1 for modules. Namely, for F e D{AaB"PP - mod) and G G D{BaC"PP - mod) 
we would like to define Fo^Y G D{AoC°pp — mod) that would globalize the operation of tensor product 
of bimodules. Below we will show how to do this under a technical assumption on B (see Proposition 
2.4.6). We start by defining an underived version and then will use appropriate resolutions. 

Let F be a (left) AaB°PP-module, and let G be a BaC°PP-module. Assume that either F or G is o-flat 
over Y. Then we deflne 

FobG = coker(F oy B oy G ^ F oy G), 

where a is the difference of two natural maps, one induced by the left action B oy G ^ G and the 
other by the right action F oy B ^ F . Note that F oy G and F oy B oy G are sheaves because of our 
o-flatness assumption. The left action of ^ on F and the right action of C on G induce the structure of 
the AaC°PP-module on FogG (see Lemma 2.2.5). 

Note that if A' ^ A (rcsp., C ^ C) is a homomorphism of piu'c kernel algebras on X (rcsp., Z) then 
the operation F oy G is compatible with the natural restriction of scalars from A to A' (resp., from C to 
C). Also, in the case B = A^Oy we get the usual circle operation over Y (since in this case a = 0). 

Lemma 2.4.1. Let {X,A), {Y,B), {Z,C), {T,V) be schemes equipped with pure kernel algebras, and let 

F e AaB°PP - mod, G e BOC°pp - mod and H e CnV°PP - mod. 

(i) One has an isomorphism of AOB°pp -modules FoqB ~ F. 

(ii) Assume that F is o-flat over Y and H is o-flat over Z. Then one has a functorial isomorphism of 
AaV°PP -modules 

{FobG)ocH ~ Fob{GocH). 

Proof, (i) This follows easily from Lemma 2.2.2. 
(ii) We have 

{FobG)ocH ~ coker((FoBG) ozCozH^ (FogG) H) ~ 
coker(F oy G oz C oz H ® F oy B oy G oz H ^ F oy G oy H), 

where 5 is induced by the appropriate operations between the consecutive factors in the o-products. 
Similarly, we get an isomorphism Fob{GocH) ~ coker((5). □ 

Definition. Let F be a left ^□;B°P^-module on X xY, where A (resp., B) is a pure kernel algebra over 
X (resp., Y). 

(i) We say that F is o-flat over B (or simply OB-flat) if it is o-flat over Y and the functor 

B - mod A- mod : G i-> FogG 

is exact. 

(ii) F is o-free over S if F ~ Fq oy B, where Fq is a ^□(A,C'Y)-module, o-flat over Y. 

(iii) A complex F* of left ^□B°^''-modules on X x F is called q — o-flat over B {or q — og-flat) if it has 
oy-flat terms and for any exact complex G* of i3-modulcs on Y the complex F'ogG* is exact (where the 

definition of og is extended to complexes in the standard way) . 

For example, if B = A^Oy then F is automatically o-free over B (and og-flat) provided it is oy-flat. 
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Lemma 2.4.2. (i) Assume that F e AoB"^^ — mod is o-flat over B. Then for every scheme Z equipped 
with a pure kernel algebra C the functor 

BaC°PP - mod ^ AaC°PP - mod : G ^ FobG 

is exact. Similarly, if F is a q — og-fl,at complex of AO B°pp -modules then the natural extension of the 

above functor to complexes sends exact complexes to exact complexes. 

(a) Assume that F e AoB"^^ — mod is o-free over B. Then F is o-flat over B. 

Proof, (i) Composing with the natural forgetful functor wc can assume that C = A^,Oz. Also, wc can 
assume that Z is afhne. Then it is enough to check the exactness of the functor G Pi*{FobG), where 
pi : X X Z ^ X is the projection. Now the assertion follows from the isomorphism pi*{FogG) ~ 
F^b{pi*G) that one can easily derive from Lemma 2.1.2(ii) (recall that pi*G has a natural B ® l^^Oz- 
module structure, see Remark after Lemma 2.2.6). The same argument works for the second statement, 
(ii) Assume that F = F^oy B, where Fq is a ^□(A*Oy)-module on X x y, o-flat over Y. Note that 
in this case F is also oy-flat by Lemma 2.1.3(iv). It is enough to construct a functorial isomorphism of 
.A-modules 

{Fq Oy B)osG ~ Fo Oy G 

for G G S — mod. Using the definition and the oy-flatness of Fq we get 

{Fo Oy B)oqG ~ COker(Fo Oy B Oy B Oy G ^ Fq Oy B Oy G) ~ Fq Oy COker(B Oy B Oy G ^ B Oy G). 

By Lemma 2.2.2, this is isomorphic to Fq oy G. □ 

The following lemma is an analogue of the well known properties of g-flatness in the case of the usual 
tensor product of sheaves (cf. [31], (2.5.4)). 

Lemma 2.4.3. Let X and Y be schemes equipped with pure kernel algebras A and B. 

(i) Let (F*) be an inductive system of complexes of left AoB"^^ -modules on X x Y (connected by chain 
maps). Assume that F* is q — ojg-fiat for every i. Then the same is true for the complex limjF*. 

(ii) If F* is a bounded above com,plex of AOB°PP-mod,ules with o^-flat terms then F* is q — o^-flat. 

Proof, (i) First, we note that the terms of limi^* are still oy-flat by Lemma 2.1.5(ii). Furthermore, using 
the same Lemma one can easily see that for every complex G' of B-modules the natural map 

lim(F*OBG*) ^ {YimF')osG' (2.4.1) 

is an isomorphism. This immediately implies the result. 

(ii) Such a complex is the inductive limit of bounded complexes with og-flat terms for which the statement 
is clear (cf. [Lipman](2.5.4)). □ 

Since we will need resolutions with terms that are o-flat over a given pure kernel algebra, we give the 
following technical definition. 

Definition, (i) Let A he a. pure kernel algebra over X, and let F be a ylDA^Oy-module on X xY . 
We say that F is o -flattening over A if it is oy-fiat, and for every fiat quasicoherent sheaf V over Y the 
^-module F oy y is o-flat over A. 

(ii) A kernel algebra A over X is called left (resp., right) admissible if it is pure and there exist a quasi- 
isomorphism (given by a chain map) A M*, where M-* is a bounded complex of ^□^"^'^'-modules on 
X X X, such that each term Ai", viewed as an ^DA^Ox-module (resp., A^,OxOA°pp) is o-flattening 
over A (resp., A"^^). We say that a kernel algebra is admissible if it is left and right admissible. 

The main point of admissibility assumption is that it allows to construct resolutions by modules that 
are o-flat over our kernel algebra (see Proposition 2.4.5 below). We will show also that every pure kernel 
algebra of affine type is admissible, and that the push-forward of an admissible algebra under a flat aflane 
morphism is admisible. 
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Lemma 2.4.4. Let A be a pure kernel algebra over a flat S -scheme X, and let Y and Z be flat S-sehemes. 
If F is a AO At,OY -module, o-flattening over A, then for every quasicoherent sheaf V over Y x Z, flat 
over Y, the A^A^^Oz -module F oyV is o-flat over A. 

Proof. We have to check exactness of the functor 

A - mod ^ Qcoh(Z) : G ^ Goa{F oy V). 

Without loss of generaUty we can assume that Z is afHne. Then it is enough to check the exactness of 
the functor 

G ^ ti,{Goa{F y)) ~ G^APx*{F OY V) ~ Goa{F oy pv^V)), 

where n : X ^ S , px ■ X x Z ^ X and py : Y x Z ^ Y are the projections. But this follows from the 
condition that F is o-flattening over A, since Py*{V) is a flat sheaf on Y. □ 

Proposition 2.4.5. Let {X,A) and {Y,B) be schemes (flat over S) equpped with pure kernel algebras. 
Assume that A is left admissible. Then every complex in D{AOB°pp) is quasi-isomorphic to a q — o^-flat 
complex of AoB°^ -modules. 

Proof. First, let F be an arbitrary ^□i3°^^-module on X x Y. Then we can find a functorial surjcction 
of quasicoherent sheaves P ^ F, where P is flat over X x Y (by Lemma 1.1.4; note that X Xs Y is 
scmi-scparatcd). We have the induced surjcction of ^□;B°^*'-modulcs AoxPoyB^F. Note that 
P Oy B is still flat over X by Lemma 2.1.3(v). This implies that for every bounded above complex of 
^□S°^^-modules F* on X x Y there exists a quasi-isomorphism of the form 

ci{F')^AoxV'^F\ (2.4.2) 

where V' is a bounded above complex of {A^Ox)OB°pp -modules, flat over X. Next, let A — > M' be 
a quasi-isomorphism of A with a bounded complex of .4n.4°^^-modules, o-flattening over A on the left. 
Consider the natural map of complexes of AoB"^^ -modules 

a : Ci(F') ^ C2{F') := tot[A^*o^ci(F*)] 

(where tot denotes passing to the total complex of a bicomplex), induced by the map A —> A4*. By 
Lemma 2.4.1, we have isomorphisms 

M'oa{A ox V") ~ M' ox 

of complexes of .AnS°^'''-modules. Since for each n the natural map AoxV" M* ox is a quasi- 
isomorphism, it follows that a is a quasi-isomorphism. On the other hand, applying Lemma 2.4.4 we see 
that the terms of C2(F*) arc o-flat over A. Hence, by Lemma 2.4.3(ii), C2{F*) is o_4-flat. 

Finally, we use the standard trick to extend the above construction to the case of an unbounded 
complex of AoB^^^-modules F*. First, we consider for each n > the truncated complex T<nF* and 
consider the quasi-isomorphisms of bounded above complexes 

r<„F* ^ Ci(t<„F*) ^ C2(r<„F*). 

By functoriality we have chain maps Ci{T<nF*) — > Ci{T<n-\-iF*) for z = 1,2, commuting with the above 
quasi-isomorphisms. Now setting Ci(F') — lim„ Ci(r<„F*) for i = 1,2 gives us quasi-isomorphisms 

F' ^ci{F')^C2{F'). 

Furthermore, by Lemma 2.4.3(i), the complex C2{F*) is g — o_4-flat. □ 

Returning to the situation in the beginning of this subsection, let F* (resp. G') be a complex of 
^□B°^'P-modules (resp., BnC^^-modules). Then assuming that B is right admissible, we define F* o^G* 

as the total complex associated with the bicomplex F'otjG' , where F* \s a. q — og-flat complex quasi- 
isomorphic to F* . Alternatively, if B is left admissible then we can use & q — og-flat resolution of G* . 
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Proposition 2.4.6. Let{X,A), {Y,B), {Z,C) be flat S -schemes equipped with pure kernel algebras, where 

B is left: (resp., right) admissible. Then there is a biexact Junctor 

D{AnB''PP - mod) X D{BaC°PP - mod) ^ DiAnC°PP - mod) : iF*,G') ^ F* G* 

defined as above using q — o^-flat resolution of G* (resp., F' ). Assume now that B is right admissible and 
C is left: admissible, and let (T, V) be another flat S-scheme equipped with a pure kernel algebra. Then 
for F G D{AOB°PP - mod), G G DiBuCPP - mod) and H G D{CUV°pp - mod) we have a functorial 
isomorphism in D{AOiT)°PP — mod); 

(F obG)ocH ~F OB (G oe H). 

Proof. To prove associativity we choose complexes quasiisomorphic to F and H that are q — o-flat over 
B and C, respectively. □ 

The starting point for constructing examples of admissible kernel algebras is the following result. 

Lemma 2.4.7. Let X be a flat S-scheme. Then a pure kernel algebra of affine type over X is admissible. 

Proof. Let il = iUi) be an open affine covering compatible with a kernel algebra A. We claim that for 
sufficiently large N the tnmcated Cech resolution T<Ar^*(il) = Aox r< a? 0^(11) (see (2.3.5)) has terms 
that are o-flattening over A on the left. Since T<ArC'^(ii) is o-flat over X (recall that it is supported on 
the diagonal), it follows that T<NA*{\i) is also o-flat over X (on either side). Next, for a flat quasicoherent 
sheaf y on X we have 

T<jv^*(il) OX Aox T<ArO^(5i) oxV-Aox r<xC'^{V). 

By Lemma 2.3.3, the terms of the complex T<NC^{y) are o-flat over X. Hence, the terms of t<jv.4.* (il) o^ 
V are o-free over A, so they are o-flat over A by Lemma 2.4.2(ii). A similar argument shows that the 
terms of T<jv>A*(il) are o-flattening over A on the right. □ 

Our next goal is to show that admissibility is preserved under push- forwards with respect to affine flat 
morphisms. 

Lemma 2.4.8. Let Bq ^ B be a homomorphism of pure kernel algebras over Y , and let F be an AOB°pP- 
module. Assume that B and F are o-flat over Bq acting on the right. Then for every G G BOC°pp — mod 
there is a natural isomorphism of AoC°pp -modules 

FobG ~ coker(i?'oB„BoB„G ^ Fog^G). 
Proof This follows easily from the deflnitions. □ 

Lemma 2.4.9. Let f : Y ^ Y' be a flat affine morphism, and let Bf := A^:{f^,OY) be the corresponding 
pure kernel algebra over Y'. Then Bf is admissible, and for F G Dqc{X x Y) and G G Dqc{Y x Z) one 
has a natural isomorphism 

(idx xf),F OB^ (/ X idz)M^F OY G. (2.4.3) 
If F is a oy-flM quasicoherent sheaf on X x Y then {idx xf)^F is o-flat over Bf. 

Proof. The pure kernel algebra Bf is of affine type (being supported on the diagonal), so it is admissible. 
Hence, the right-hand side of (2.4.3) is well-deflned. We have a natural morphism 

{idx x/)*F oy, (/ X idz)*G ^FoyG (2.4.4) 

(see (2.1.3)). If F is a sheaf, o-flat over Y, then {idx xf)*F is o-flat over Y' by Lemma 2.1.3(i). It is 
easy to see that for such F and for a quasicoherent sheaf G on y x Z the morphism (2.4.4) induces a 
morphism 

{idx X f),FoBf (/ X idz)*G ^ F oy G. (2.4.5) 
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We claim that in fact this is an isomorphism. Indeed, note that the functor of G in the right-hand side 
(resp., the left-hand side) is exact (resp., right exact). Also, for every quasicoherent sheaf G onY x Z 
the natural map (/ x \Az)*{f x id^)*^ ^ G is surjective. Thus, it is enough to check that (2.4.5) is an 
isomorphism for G = {f x idz)*G', where G' is a sheaf on F x Z'. To this end we use the isomorphism 

Bf oy, G' ~ ((/ X /)*A,Oy) oy, G'c^ifx idz)* {A^Oy oy if X idz)*G') ~ (/ x idzUf x idz)*G' 

that follows from (2.1.2). Together with Lemma 2.4. l(i) this leads to 

(idx xf),F^Bf{f X idz)*(/ X idzTG' ^ {idx xf),FoY> G, 

which is isomorphic to Foy (/ x idz)*G' by Lemma 2.1.2(i). Note that the isomorphism (2.4.5) for Z — S 
implies that (idx 'xf)*F is o-flat over Bf (since every ;B/-module on Y' is of the form /*G, where G is a 
quasicoherent sheaf on Y). From the considered case we can immediately extend the isomorphism (2.4.3) 
to the case when is a bounded above complex of oy-flat sheaves on X xY and G is arbitrary complex 
in Dgc{Y X Z). Finally, if F is unbounded we can consider the oy-flat resolutions of the truncations 
T<„F and pass to the limit using the isomorphism (2.4.1). □ 

Proposition 2.4.10. Let f : Y ^ Y' be a flat affine morphism, B a pure kernel algebra over Y, and let 
B' := (/ X /)*S be the corresponding pure kernel algebra over Y'. Let also A (resp., C) be a pure kernel 
algebra over X (resp., Z). 

(i) IfF is an AUB^pp -module, o-flat over Y, then {idx x/)*F is o-flat over Y' and for G € BOCpp -mod 
we have a natural isomorphism 

{idx xf),Fos-{f X idz)*G=iFoBG (2.4.6) 

In particular, if F is o-flat over B, then (idx x/)*F is o-flat over B' . 

(a) If B is left (resp., right) admissible then so is B' . In this case for F € D{AoB"pp — mod) and 
G e D{BOC"PP — mod) we have a natural isomorphism 

{idx xf),F OB' (/ X idz)M ^FobG. (2.4.7) 

Proof, (i) We have already seen that (idx x/),_F is o-flat over Bf (and over Y') in Lemma 2.4.9. Note 
also that by the same Lemma, B' — (idx x/),(/ x idy)»B is o-flat over Bf (since (/ x idy),B is o-flat 
over Y by Lemma 2.1.3(i)). Therefore, using Lemma 2.4.8 we can represent the left-hand side of (2.4.6) 
as the cokernel of 

(idx x/)*F OBf B' OBj (/ X idz)*G ^ (idx xf)*F obj o{f x idz)H,G. 

Here the target is isomorphic to F oy G by Lemma 2.4.9. Also, using the same Lemma, we can rewrite 

(idx Xf)*F OB, (/ X f\B OB, (/ X idz)*G ~ (idx x/),F ob, (/ x idy)*S oy G ~ F oy B oy G, 

so that the abovve map is identified with the map F oy B oy G ^ F oy G used to define FobG. This 
gives the isomorphism (2.4.6). 

Since the functor (/ x idz)* '■ BDC°pp — mod B'OCpp — mod is an equivalence (see Lemma 2.2.6), 
the second assertion follows. 

(ii) Let B — * Ai* be a quasi-isomorphism with a bounded complex of BOB°PP-niodu\es on Y x Y, such 
that each term is o-flattening over B on the left. We claim that B' ^ {f x f)^,A4* is a o-flattening 
resolution for B'. Indeed, let us check that (/ x /)*A^"' is o-flattening over B' on the left. First, we note 
that (/ x /)»A^" is o-flat over Y' (on the right) by Lemma 2.1.3(i). Next, given a flat quasicoherent 
sheaf V on Y' we have to check that (/ x f)^M"' oy, V is o-flat over B' . Using (2.1.2) we obtain 

(/ X /),A1" oy, y ~ (/ X idy)47W" oy f*V) 

which is o-flat over B' by part (i). Finally, the isomorphism (2.4.7) follows from (2.4.6) by taking a 
q — og-flat resolution of G (resp., F). □ 
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2.5. Extending an equivalence of derived categories to modules over kernel algebras. Recall 
that a pair of adjoint functors ($, 4'), where ^ : C ^ C , "i/ : C ^ C, can be characterized by two 
morphisms of functors a : — > Idc and /3 : Idc — * such that the compositions $ — > $ 
and 5" ^ \l/4>^ — > ^ are the idcmtity morphisms. Furthermore, $ is fully faithful (resp., equivalence) if 
and only if /3 is an isomorphism (resp., a and /3 are isomorphisms). For functors given by kernels we can 
consider the following version of this picture. 

Definition. Let X and Y be flat iS-schemes. Assume that we have objects P € Dqc{X x Y) and 
Q e Dqc{Y X X) equipped with a pair of morphisms 

a-.ToyQ^A^Ox, (2.5.1) 
P-.A.Oy^QoxV, (2.5.2) 

such that the compositions 

are the identity morphisms. In this situation we say that {V, Q; a, /3) is an adjoint kernel data. Consider 
the corresponding functors 

$P : Dg,{Y) ^ Dgc{X) -.G^PoyG, 
$Q : Dq,{X) ^ Dq,(Y) -.F^QoxF. 
Then Lemma 2.1.1 implies that (^p, $q) is an adjoint pair of functors. 



Example. Assume Y is smooth and proper over S of relative dimension n, and let P be a perfect 
complex on X X 1". Then by the duality theory we have a natural adjoint kernel data {V, Q) with 

Q ^ a^P"" (g) p*YUjY)[n], 

where <t : Y x X ^ X x Y is the permutation of factors, py : X x Y ^ Y is the projection. 

Now let ^ be a kernel algebra over X. Set B = Q ox Aox P. Then we have a natural morphism 

Boy B Qox AoxP oy Qox AoxP ^ Qox {Aox A) ox P, 

induced by (2.5.1). Therefore, the product ^ : Aox A ^ A induces an associative operation BoyB^B. 
Similarly, the unit u : A*Ox A together with the map (2.5.2) induce a unit morphism A^Oy B. 
One can check that the unit axioms for this morphism follow from the compatibilities between a and j3 
that we assumed. Thus, we get a structure of a kernel algebra on B. 
Note also that (2.5.1) induces morphisms 

VoyB^PoyQoxAoxP^AoxV, , . 

Boy Qc^QoxAoxPoy QoxA, ^ > 

that are compatible with the products (resp., units) on B and A. 

Assume in addition that A and B are pure kernel algebras, and that each of the complexes P and Q 
is concentrated in single cohomological degree. Then by Lemma 2.1.3(ii), V := AoxP and Q := Qox A 
are also concentrated in single cohomological degree. Using morphisms (2.5.3) we get the commuting left 
.A-action and right S-action on P (resp., left S-action and right ^-action on Q). Therefore, using Lemma 
2.2.5 we can view P (resp., Q) as an object of D{AaB°PP - mod) (resp., D{BaA°PP - mod)). Note that 
the unit in A induces morphisms 

in Dqc{X X Y) and Dqc{Y x X). 
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Theorem 2.5.1. Assume S is semi-separated. Let X and Y be semi-separated schemes, flai over S, 
and let V e Dqc{X x Y), Q G Dqc{Y x X) be objects, each concentrated in single cohomological degree, 
equipped with a pair of morphisms (2.5.1) and (2.5.2), such that {V, Q, a, (3) is an adjoint kernel data. 

(i) Let A be an admissible kernel algebra over X. Assume that the corresponding kernel algebra B = 
Q Ox A Ox V over Y is admissible (in particular, pure). Define V S D{AoB"pp — mod) and Q G 
D{BDA°^^ — mod) as above, and consider the functors 

$^ : D{B - mod) ^ D{A - mod) -.G^PosG, 

$g : D{A - mod) D{B - mod) -.F^Qo^F. 
Then the natural map in Dqc{Y x Y) given as the composition 

B= Qox AoxV'"^'' Qox AoxV ^ Qo^r (2.5.4) 
lifts to an isomorphism in D{BOB"pp — mod). Hence, we have the induced isomorphism of functors 

$gO$p~Id. (2.5.5) 

Lf in addition a and /? are isomorphisms then and $g are mutually quasi-inverse equivalences. 

(ii) Let Ai A be a homomorphism of kernel algebras over X , and consider the induced hom,om,orphism 
of kernel algebras Bi — Qox Ai oV — > S = Q ox Aox V . Suppose A,Ai,B,Bi are all admissible. 
Then the functors i>g (resp., constructed in (i) for the pairs {A,B) and {Ai,Bi) commute with the 
corresponding restriction (resp., induction) functors between the derived categories of modules. 

(Hi) Assume in addition that X and Y are proper over S, V and Q are coherent sheaves of finite Tor- 
dimension (up to a shift), and A is a finite admissible kernel algebra over X such that B = Qox AoxV 
is admissible. Then B is also finite and the functor $g restricts to a functor from D^{A — mod'^) to 
D^{B — mod'^). In particular, when a and (3 are isomorphisms these two categories are equivalent. 

Proof (i) Using the properties of the convolution operation for modules we obtain natural isomorphisms 
QoaV:^Qoj^{AoxV)c^QoxV Qox AoxV = B (2.5.6) 

in D{BuA^Oy - mod) and 

QoaV^{QoxA)oj^V^QoxVc^QoxAoxV = B (2.5.7) 

in D(A*C'ynB°'''' — mod). In particular, Qoj^V is concentrated in degree 0. Also, it is easy to check that 
both isomorphisms (2.5.6) and (2.5.7) are compatible with the map (2.5.4). Hence, we get the required 
isomorphism in SnS°^^ — mod. The isomorphism of functors (2.5.5) follows from this by the associativity 
of the convolution (sec Proposition 2.4.6). 

If both a and (3 are isomorphisms then we can reverse the roles of {X,A) and (Y,B) (resp., of V and 
Q). This will lead to an isomorphism of functors i>p o $g ~ Id that together with (2.5.5) proves that 
$P and $g are mutually quasi-inverse. 

(ii) Let V and Q have the same meaning as in (i), and let Vi :~ Ai ox V and Qi := Q ox Ai be similar 
objects for Ai. Then we have an isomorphism Q ~ Qi o_^^ A in D{BUA°^^ — mod). Therefore, for 
F eD{A- mod) we get 

$g(i^) = Q ~ (Qi o^^ A)oj^Fc^ Qi o^, F = (F), 

which gives the compatibility of ($g,$g^) with the restriction functors D{A — mod) D{Ai — mod) 

and D{B — mod) — > D{Bi — mod). On the other hand, using the isomorphism P ~ >l 0^4^ Ti, for 
G € D(Bi — mod) we obtain 

$p(S OB^ G) = Voe (B G)c^VoB,G^A o^, os,G = A o^, (G), 
which gives the required compatibility with the induction functors. 
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(iii) Our assumptions imply that B is obtained by the proper push-forward from a bounded complex 
with coherent cohomologies, hence, it is a coherent sheaf itself. By part (ii), the functor $g : D{A — 
mod) —>■ D{B — mod) commutes with the forgetful functors to quasicoherent sheaves, so it preserves the 
condition for a c;omplex to have coherent cohomology sheaves. By Lemma 2.2.3, we obtain a functor 
D~{A — mod'') D~{B — mod") commuting with forgetful functors. Since Q has finite Tor-dimension, 
it preserves boundedness of cohomology. The last assertion follows from (i). □ 



3. Kernel representations and derived equivalences 

In this section we develop a framework for constructing examples of the Fourier-Mukai dual kernel 
algebras. The main idea is that some categories of twisted sheaves on global quotient stacks X/G can 
be identified with modules over kernel algebras that are constructed from the corresponding action of G 
on the category Dqc{X). We introduce the notion of a kernel representation of a group G over X that 
should be viewed as a refined version of an action of G on Dqc{X). The point is that given such a kernel 
representation and a derived equivalence from X to Y , one gets a kernel representation of G over Y . This 
helps to compute the Fourier-Mukai transforms of the associated kernel algebras. An example of such 
computation in the context of abelian varieties is Theorem 3.7.3. 

We denote by S a fixed base scheme, and as before, all products are fibered over S. We also assume 
all schemes and formal schemes to he flat over S. By a formal group scheme G over S we mean a group 
object in the category of formal schemes over S (flat over S). Sometimes, we will assume that a formal 
group scheme G is of ZdM-pseudo-finite type (resp., /dt<-pseudo-finite) over S — we refer to this as Idu-pft 
(resp., Idu-pf) over S. 

For a field k of characteristic zero we will call simply formal k-groups [k-groupes formels in terminology 
of [29]), commutative formal groups G over k such that (i) the natural action of Gal(fc/A:) on G{k) factors 
through some quotient Gal(fc'/fc) with fc' C fc a finite Galois extension of k, (ii) the group G{k) = G{k') 
is finitely generated, and (iii) the topological fc-algebra Og,o is a quotient of k[[ti, . . . for some n. 
The Cartier duality (see [22], exp. VIIb, (2.2.2), or [17], ch.II) gives an equivalence between the category 
of formal fc-groups and the category of affine commutative algebraic groups over k. We will also use the 
Cartier duality for finite flat group schemes over an arbitrary base S. 

Starting from section 3.5, whenever formal fc-groups are mentioned it is assumed that S = Spec(fc). 

3.1. Convolution of sheaves parametrized by formal schemes. We need a version of the convo- 
lution operation considered in section 2.1 involving formal schemes. More precisely, formal schemes will 
appear only as parameter spaces, so that the actual "integration" is performed only along the direction 
of a usual scheme. We start with the data consisting of three schemes X, Y, Z and two formal schemes 
P and Q. Let us denote by Dp^-c>{X x P x Y) C DqdX x P xY) the full subcategory of objects F 
such that for some open covering (t/j) of P the restriction of to X x [/j x F is in D-^{X xUi x Y). 
Assuming that Y is proper, we can define the convolution operation 

Dp^^{X X P X y) X Dq^^{Y xQxZ)^ Dp^Q^^iX x P x Q x Z) 

sending {K, L) to 

KoyL— ])l245*(Pl23^ ® ^345-^)' 

where pi denote projections from the product X x P xY x Q x Z. Note that K oy Lis in Dp^q^-^ by 
Proposition 1.2.2(vi). More generally, the above operation is defined when Y is not necessarily proper but 
K is the push-forward from a closed formal subscheme proper over X x P — we will say in this case that 
the support of K is proper over XxP (alternatively, it is enough to require the support of L to be proper 
over Q X Z). Using appropriate versions of the projection and base change formulae for formal schemes 
(see Theorems 1.2.3 and 1.2.4(i)) we can easily check the following two properties of this operation: 
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Associativity: if T (resp., R) is another scheme (resp., formal scheme) then for M e Dfi^-^{Z xRxT) 
one has a natural isomorphism 

{K Oy L) Oz M K Oy {L Oz M). 

provided the support of L is proper over Y x Q and over Q x Z. 

Change of parameter spaces: ii 4> : P' P and i/j : Q' ^ Q are maps of formal schemes then we 
have 

{{idx X(l> X idy)*K) oy ((idy xip x idz)* L) ~ {idx X(j) x ip x idz)*{K oy L) 
provided the support of L is proper over Q x Z (or the support of K is proper over X x P). 

3.2. Kernel representations and convolution algebras. The following definition provides a natural 
framework for working with "nice" homomorphisms from a group scheme (resp., formal group scheme) 
to the group of autoequivalences of the derived category of quasicoherent sheaves on a scheme. 

Definition. Let G be a monoid in the category of S'-schemes, X an S'-scheme (recall that flatness over 

S is always assumed). 

(i) A kernel quasi-representation of G over X is an object V G Dqc{X xGx X) equipped with a morphism 

-.V oxV ^ {idx xm x \dx)*V 

over X xGxGx X, where m : G x G — > G is the group law, satisfying the natural associativity condition 
over XxGxGxGxX, and a morphism 

u : A^Ox (idx xe x idx)*V, 

where e : 5 ^ G is the unit for G, compatible with in a natural way. The associativity condition 
amounts to the commutativity of the following diagram: 

V Ox V Ox V ^ °^ {idx xm x idx)*V ox V ~(idx xm x idGxx)*{V ox V) 



id oxn 



V Ox {idx xm x idx)*V~ {idx-xG xm x idx)*(V" V) ► {idx xmm x idx)*V 

where mm : G^ ^ G sends {gi,g2,g3) to 515253, the maps /k' and fi" are induced by /k, the isomor- 
phisms are particular cases of (2.1.1). The compatibility of the unit morphism u with fj, means that the 
composition 

V ~ A,Ox ox V "H''* (idx xe x idx)*V' oxV ^V, 

where the second arrow is induced by (idx xe x idc x idx)*A* (resp., similar composition with ido^u) 
equals the identity map. 

(ii) A kernel representation is a kernel quasi-rcprcscntation such that /i and ti arc isomorphisms. 

(iii) Let G be a monoid in the category of formal schemes over S, and let X be an S'-scheme. Then the 
definitions (i) and (ii) still make sense with V € Dg,-c^{X x G x X) provided the support of V is proper 
over X X G and over G x X (sec section 3.1). 

(iv) If p : G' — > G is a homomorphism of monoids and F is a kernel quasi-representation of G over X 
then we define the restriction of V to G' by 

p*V := (idx xp x idxfV 

— it is a kernel quasi-representation of G' over X. The same construction works when G and G' are 
formal group schemes provided V G D-^{X xGxX) has the support proper over XxG and over GxX. 
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If G is a discrete group then to give a kernel representation of G amounts to the data of kernels 
Vg e Dqc{X X X) parametrized by g e G along with the isomorphisms Vg^ oVg^— Vg^g^ satisfying the 
natural axioms (in particular, the functors corresponding to Vg and Vg-i are quasi- inverse of each other). 
Thus, we have an action of G on Dqc{X) by the corresponding autoequivalences (in the strict sense as 
defined in [43]). A kernel quasi-representation in the case of a discrete group G can be viewed as a 
G-graded kernel algebra ©ggcK;- One can try to imitate this construction for general G by associating 
with a kernel quasi-representation a kernel algebra via some kind of "integration" over G. Below we will 
show that this is possible provided one fixes an appropriate analogue of "measure" on G. 

The passage from kernel representations to kernel algebras goes through an intermediate notion that 
we call a convolution algebra. We will first construct kernel algebras associated with convolution algebras 
and then explain the connection with kernel representations in Proposition 3.2.3. 

(s,t) 

Definition, (i) Let X be a scheme and let M A X x X he & monoid in the category of X x X-schemes, 
such that the maps s and t from M to X are fiat. Let m : M Xx M —>■ M and e : X ^ M denote 
the product and the unit maps. A convolution algebra on M is an object V € Dqc{M) equipped with a 
product morphism 

M : m^ijplV ® pIV) V 

and a unit morphism 

e,Ox ^ V 

such that 

(a) the diagram 



m,(idM xm)*(p^V(g)p2"^'(8)p3V)~m,(m x idM)*{plV ® P^V ® plV) 



id ®iJL 



m^iplV^plV) 



V 



is commutative, where we use the base change isomorphism for the cartesian diagram 



M Xx M Xx M 



m X idM 



Pl2 



M Xx M 



m 



M Xx M 



Pi 



M 



along with the projection formula for m x idx (plus similar isomorphisms for idM xm); 
(b) the composition 

V ~ m*(e X idM)*V ~ m*((e x idM)*CM ^P^V) ~ m^iple^^Ox) 0^2^) ^ m^{plV P2V) V 

(along with a similar composition going through m*(p*V (8)^2(6*'-'^))) is the identity. Note that here we 
use the projection formula for the map e x idjvf : M —i M Xx M and the base change formula for the 
cartesian diagram 



M 



e X idM 



M Xx M 
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Pi 



X 



X 



(s,t) 

(ii) Now let X be a formal scheme, M A X x X a monoid in the category of formal schemes over X x X 

{ formMl m,onoid over X x X). Assume in addition that the maps s and t arc flat and of Zrf^i-pscudo-finite 
type, and m is Ww-quasicompact. A convolution algebra on M is an object V G Dqct{M) equipped with 
the same structure as before with m* replaced by ma* (where we use Theorems 1.2.3 and 1.2.4(ii),(iii) 
to formulate the above conditions). Note that in the case when M is a groupoid the condition for m to 
be Ww-quasicompact follows from the assumption that s is of Ww-pseudo-finite type. 

It is clear that ior M = XxX, where X is a scheme, we get exactly the notion of a kernel algebra. On 
the other hand, for M = X we get the notion of an algebra in Dqc{X) with respect to the tensor product. 
In the case when X = S (the base scheme) and M = G is a group scheme over S, the convolution algebra 
on G, is an algebra object in DgdG) with respect to the Pontryagin product. Similarly, if G is an Idu-pft 
formal group scheme over S (i.e., of /dw-pseudo-finite type over S) then we have a notion of a convolution 
algebra structure on an object of Dqct{G). 

Lemma 3.2.1. Let f : M M' is the morphism of monoids over X x X satisfying the conditions of 
the above definition, and let V be a convolution algebra on M. Then /*V has a natural structure of a 
convolution algebra on M'. If f : M' — > M" is another such morphism then the natural isomorphism 
{f'f)*i^^) — f'*f*{^) compatible with the convolution algebra structures. Similar assertions hold in 
the case of formal monoids, where f is assumed to be Idu-quasicompact and /* is replaced with fa* 

Proof Set V = /*V, and let m' : M' x x M' ^ M' denote the product map for M' . First, let us observe 
that using the adjoint pair ((/ x /)*, (/ x /)*) and the canonical maps f*V' ^ V we get a morphism on 
M' X M' 

pIV®p*^V ^ (/ X f)*{plV®plV). (3.2.1) 
We claim that it is an isomorphism. Indeed, applying the base change formula to the cartesian square 

w / X id 



MxM' 



Pi 



M' X M' 



Pi 



M 



f 



M' 



we get an isomorphism pJV" ~ (/ x idM')*?*!^ ^ ■ Together with the projection formula this 

gives 

pIV'<E>p;V' (/ X idM')*(P^V(8)p;V'). 
Next, we apply the base change formula to the cartesian square 

idx/ 



MxM 



P2 



MxM' 



P2 



M 



f 



M' 



to get an isomorphism P2V' ~ (idjvf x/)*P2^- Combined with the previous isomorphism and using the 
projection formula again we obtain an isomorphism 

pIV(Fjp*2V' ~ (/ x idM')*(KV® (idM xf)*P*2V) -{fx f)*{plV ^ p^V), 

that is given by the map (3.2.1). Therefore, 

m'MV'<^P*2V')^m'M X f)*(plV^p;V)-f*m*{plV(^p;V) 
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over M' Xx M' that allows to view /h</x as a product structure on V'. The associativity of this product 
can be easily deduced from the associativity of ji using the canonical isomorphism on M' x M' x M' 

pIV (FjplV ®plV'^{f X / X .f).{plV®plV®plV) 

defined similarly to (3.2.1). The case of formal monoids is very similar. □ 

For us the most important case of the above construction is when M' = X x X and / is the structure 

morphism {s,t) : M ^ X x X . 

Definition. Let X be a scheme, M a monoid (resp., formal monoid) in the category of X x X-schemes 
such that the structure maps s,t : M ^ X are flat (resp, flat and of /du-pseudo-flnite type; in addition 
assume that m is Wu-quasicompact). We associate with every convolution algebra V over M a kernel 
algebra over X by setting 

Am{V) = {s,t),V 

(resp., Am{V) = {s,t)a*V). 

The following lemma gives a sufficient condition for checking when the kernel algebra of the form 
•A.m{V) is pure. 

Lemma 3.2.2. Assume X and S are semi-separated. Let M X x X be a m,onoid (resp., formal 
monoid) over X x X satisfying the assumptions of the above definition, and let V be a convolution algebra 
over X. Assume in addition that both maps s,t : M ^ X are affine (resp., Idu-affine), and that V is a 
quasicoherent sheaf (resp., torsion quasicoherent sheaf), flat over X with respect to both s and t. Then 

the kernel algebra Am{V) is pure. 

Proof. We only need to check that (s,t)*V (resp., {s,t)cr*V) is o-flat over X with respect to both 
projections. But this follows immediately from Lemma 2.1.4. □ 

If G is a group scheme (resp., formal group scheme) over S then we can view X x G x X as a, monoid 
(resp., formal monoid) over X x X using the product on G and the unit in G. In the following proposition 
we denote by Pi (resp.,p,j) the projection of the product X x G x X onto its factors (resp., double products 
of factors). 

Proposition 3.2.3. Let G be a group scheme (resp., Idu-pft formal group scheme) over S, X an S- 
scheme, V a, kernel quasi-representation of G over X (recall that in the formal case we assume that 
V £ Dg^-c>{X X G X X) and the support of V is proper over X x G and G x X), P a convolution algebra 
on G. Then V ® P2P has a natural structure of a convolution algebra on X x G x X . Hence, we also 
have the corresponding kernel algebra over X 

A{V, P) := Ax>,G>.x{V^p*2P) = pi3*{V^p*2P). 

(in the formal case we should use {pia)^*) 

Proof. We will only consider the case when G is a group scheme (the case of a formal group scheme is 

analogous). Note that the product map for X x G x X is the composition of the projection X x G x X x 
GxX^XxGxGxX with the map (idx xm x idjf ) : XxGxGxX^XxGxX. Applying the 
projection formula for the former map we see that the convolution product on V®P2P should correspond 
to a map 

(idx xm X \dx)*[{V Ox V) ®p*2P®plP] V ^p^P. 
To construct such map we start with the morphism 

{V Ox V) ® P2P (8) pIP {idx xm X idxYV <» p^P ® p^P 
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(3.2.2) 



onXxGxGxX induced by the map fj, : V ox V (idx xrn x idY)*V". 
formula for the map idx xm x idx with the flat base change formula for P I 
cartesian diagram 



Combining the projection 
3 P e Dgc(G X G) and the 



X xGxGxX 



id xm X id 



P23 



GxG 



m 



XxGxX 



P2 



G 



we get an isomorphism 

(idx xm X idx),((idjs: xm x idx)*V Ops-P 18)^3 P) V (g) P2m^{P ^ P). 

Hence, we get the required morphism 

liv.p ■■ (idx xm X idx)*[(F ox V)®plP®plP] ^ V plm,{P M P) ^ V ® p^P 

over X X G X X, where the second arrow is induced by the convolution algebra structure on P. The 
associativity is checked as follows. Let us consider the following diagram with cartesian squares 



XxGxXxGxXxGxX 



X xGxX xGxGxX 



XxGxXxGxX 



X xGxGxX xGxX 



X xGxGxGxX 



idxxG xm X idx 



XxGxGxX 



idx xm X idcxx 



XxGxXxGxX 



XxGxGxX 



XxGxX 



where all the arrows are either projections omitting one of the factors X, or maps induced by the product 

in two consecutive factors G. For each vertex v in this diagram let X{v) = X x G"^ x X x G"^ x . . . 
denote the corresponding scheme. We have a natural object W{v) G D{X(v)) defined as follows: let 
m{v) : X{v) — > XxGxXxG...xX denote the map induced by the product maps G"^ — > G, 
G"^ G, etc. Then W{v) is given by the (derived) tensor product of pull-backs of P from all the factors 
of G with the pull-back by m{v) of the object PI23V ^PmsV ^ ■ • ■ e D{X x G x X x G . . . x X). Next, for 
every arrow e : v ^ v' let /(e) : X{v) — » X{v') be the corresponding morphism. Then we have natural 
map f{e).^,W{v) W{v') induced either by fi (in the case when /(e) is the projection omitting one of 
the factors X), or by the convolution product on P (when /(e) is induced by m). Furthermore, we claim 
that for each of the four small cartesian squares of our diagram 



ei2 




the induced morphisms 



/(e24 o ei2)*X{vi) f{e24)*f{ei2)*X{vi) f{e24)*X{v2) X{v4) 
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and 

/(e34 o ei3)^X{vi) /(e34),/(ei3)*X(wi) f{e34,)*X{v3) X{v4,) 

are the same. Indeed, for the upper left (resp., lower right) square this amounts to the associativity of 
H (resp., of the convolution product on P). For the remaining two squares this can be deduced from the 
base change formula. Now the required associativity of /xp follows from the similar compatibility applied 

to the ambient square in the big diagram above. 
The unit for y ® is given by the composition 

(idjc xe X idx)*A*Ojc ^ (id^ xe x idx)*{idx xe x idx)*V ~ V (g) (idx xe x idx)*Oxxx VigiplP, 
where the second arrow is induced by the unit for P. □ 

Assume that G is a finite group scheme (resp., locally nicely ind-finitc formal group scheme) over S. 
Let us consider the dualizing sheaf u)g/s '■= ^'C'sj where tt : G — > 5 is the projection (in the formal case 
we use the functor tt' from Proposition 1.2.5(ii)). It is easy to see that wg/s has a natural structure of a 
convolution algebra on G (see Theorem 3.3.1 below for a more general construction). Thus, in this case 
we can associate with any quasi-kernel representation ^ of G the kernel algebra A{V,wg/s) over X. 

For us the most useful property of kernel (quasi-)representation is that they can be carried over under 
derived equivalences in a way compatible with the corresponding operation on kernel algebras. This 
follows from the following more general statement. 

Proposition 3.2.4. Let X and Y be S -schemes, and let {P, Q,a, (3) be adjoint kernel data, where 
P e Dqc{X x Y) and Q e Dgc{Y x X) (see section 2.5). Let G be a group scheme over S, and let V be 
a kernel quasi-representation of G over X. Then Qox V ox P has a natural structure of a kernel quasi- 
representation of G over Y . This correspondence is compatible with the restriction under a homomorphism 
of group schemes G' G. Furthermore, if P is a convolution algebra on G then we have an isomorphism 
of kernel algebras over Y: 

A{{Q ox V ox V), P)^Qox A{V, P) ox V. (3.2.3) 

Similar assertions hold if G is a formal group scheme over S, X and Y are proper over S,Vg Dc-c'iX x 
G X X) (in the analog of the last assertion we should require G to be Idu-pft over S in order to consider 

a convolution algebra over it). 

Proof. Using the associativity of the o-product, the map a : P oy Q ^ ^*Ox and the product map fj. 

for V we obtain a morphism 

(Q ox V ox P) oy {QoxV oxP) ^ QoxV oxV oxP ^ Q ox (idx XTO x \dx)*V ox P. 

By Lemma 2.1.2(ii), the target of this map is naturally isomorphic to (idy xm x idy)*(Q V ox V). 
This gives a product map for QoxVox V. On the other hand, by Lemma 2.1.2(iii), we have 

(idy xe X idy)*(Q V ox P) ^ Qox {idx xe x idx)*V ox P. 

Hence, the unit for V together with the map /? : A^Oy ^ Qox P induce a unit for Qox V ox P. The 
isomorphism (3.2.3) is obtained using the associativity of the o-product: 

A{{Q ox V ox P), P) = {QoxV ox P) OGxx (PaA.Ox) ^ 

QoxV OGxx {A.Og^V) ogxx (PaA.Ox) ^QoxV o^xx (PaA^O^) ogxx {A.Og^V) ~ 
Q Ox {V OGxx (PnA.Ox)) Ox V. 

□ 
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3.3. Equivariant sheaves as modules over kernel algebras. We are going to show that in the 
situation when a finite group scheme (resp., locally nicely ind-finite formal group scheme) acts on a 
scheme X there is a natural way to construct a kernel algebra on X that captures the corresponding 
category of equivariant sheaves. In fact, we can deal with a more general situation of a groupoid over X. 

Theorem 3.3.1. (i) Let {s,t) : M X x X be a groupoid over X. Assume that the maps s and t 

are finite and flat. Then the relative dualizing sheaf LVg — s'Ox has a natural structure of a convolution 
algebra on M . Its push-forward to X x X is a pure kernel algebra Am = AmI^s) over X. The category 
of Am -'modules is equivalent to the category of M -equivariant quasicoherent sheaves on X. By definition, 
these are quasicoherent sheaves F on X equipped with an isomorphism a : t*F s*F such that 

m*a = plaop2a, e*a = id^, (3.3.1) 

where m,pi,p2 '■ M x x M ^ M are the product and the projections, e : X ^ M is the unit map. 
(a) The above statements hold also in the case when M is a formal groupoid over X with the following 
changes. We assume that locally over S each connected component of M is affine over X with respect to 
both s and t and can be presented as the inductive limit of a system of closed subschemes Mn C Mn+i C 
. . . C M such that each M„ is finite and flat over X with respect to both s and t. We set uis = s Ox (see 
Proposition 1.2.5(ii)). The definition of an M -equivariant structure on F should be modified as follows: 
it is given by a map a G H.om{t* F, s* F) , and the relations (3.3.1) are imposed using Rom-spaces (see 
(1.2.1)). 

Proof Part (i) is a particular case of part (ii), so it is enough to consider the case of a formal groupoid. 
Our assumptions imply that both morphisms s,t : M ^ X (and hence, pi,p2 ■ M Xx M ^ M) are 
nicely ind-finite. Since M is a groupoid, the map m : M Xx M ^ M differs from the projection pi by 
an automorphism of m. Therefore, m is also nicely ind-finite. Thus, we can use the functor m defined 
in Proposition 1.2.5. In particular, we have the following isomorphism on M Xx M: 

m'ujs — m's'Os ~ (s o m)'Os — {so pi)'Os — p'iuJs- (3.3.2) 

Now we define the convolution algebra structure on uig as the map corresponding by adjunction to the 
following map on M Xx M: 

pIws (g) P20JS — »■ pWs - m-Ws, (3.3.3) 

where the arrow is given by the isomorphism (1.2.14). The associativity of this product reduces to the 

commutativity of the diagram in Corollary 1.2.6 for M Xx M Xx M with F = LUg, along with some 
easier compatibilities. The unit e^Og iVg = s Og corresponds by adjunction to the isomorphism 
s\e^Os — Os- 

Using Lemma 3.2.2 we sec that Am is pure. Indeed, both ,s and t are Idu-aSmc, so we only need 
to check flatness of over X with respect to both s and t. But this follows immediately from the 
construction of Proposition 1.2.5, since is the inductive limit of line bundles over M„. 

By Proposition 1.2.5(iv), an clement a G IIom(f*F, s*F) required in the definition of an M-equivariant 
sheaf on X is the same as a morphism 

t*F ®ujs ^ s*F ®ujs~s-F, (3.3.4) 

where the last arrow is an isomorphism by Proposition 1.2.5(ii). By adjunction this is the same as a 
morphism 

s\{t*F(^uJs) F. 

By the projection formula, the source of this map is isomorphic to Am°xF. Conversely, given a morphism 
Am Ox F ^ F, reversing the above procedure we get a map t*F (g) — > s*F (g) iVg, or equivalently, an 
element a G Roin{t*F, s*F). 
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Wc have to check that the module axiom for F is equivalent to the conditions (3.3.1). Using the 
projection formula and the base change formula wc get an isomorphism 

Am Ox Am ox F ~ {spi)\{{tp2)* F ® plujs ®pIlOs), 

where pi,p2 : M Xx M ^ M are the projections. Furthermore, the map 

Am °x Amox F ^ Am ox F ^ F 

obtained from two action maps Am ox F ^ F corresponds by adjunction to the map 

{tp2)*F iE)pIu;s<S>pIcOs ^ p'^{s*F <S, cOs) <Si pIoj^ ^ pl{t* F ^ w s) ® m ^ Pi{t* F igi iVs) ^ 
pWF^{sp,yF, ^335^ 

where the first and the last arrows arc induced by (3.3.4), the second arrow is induced by the isomorphism 
P2i^s —p\Om (using Proposition 1.2.5(iii)). Note that we have 

{spi )-Ox ^P*ii^s®Pi Om ~ (g) p^UJs , 

hence, (spi)'F ~ {sp\)*F ®p\lOs (8)p2^,,. Now the first relation in (3.3.1) is equivalent to the condition 
that under this isomorphism the map (3.3.5) coincides with the map 

{tm)*F ®p\ujs®P2^s {sm)*F ®p\ujs®P2^s (3.3.6) 

induced by a. Indeed, this can be deduced easily from the commutativity of the diagram in Proposition 
1.2.5(iii) for the composition of s with pi and from the isomorphism of Proposition 1.2.5(iv) for the 
composed map spi. On the other hand, the module axiom requires that (3.3.5) coincides with the map 

{tmyF®plu)s®plujs ^ m*t*F ®m-ujs ^ m* {t* F ® ujs) ® rn-QM m-{t*F ®u>s) -> m's'i^ ~ (sm)'F, 

(3.3.7) 

where the first arrow is induced by (3.3.3), the second by the isomorphism m'-LOs — m*Us m'OM, the 
third by the isomorphism (1.2.7), and the last by (3.3.4). Using the isomorphism {sm)'F ~ {sm)*F (g) 
pIu>s (gpg'^s and the commutativity of the diagram in Proposition 1.2.5(iii) for the composition of s with 
m one can check that the maps (3.3.7) and (3.3.6) are the same, which finishes the proof. □ 



Example. In the case when S = Spec(fc), where fc is a field of characteristic zero, and M is the 

infinitesimal groupoid corresponding to a Lie algebroid L over X, the kernel algebra Am is isomorphic to 
the universal enveloping algebra of L (viewed as a D-algebra, see [5]). Thus, the above Theorem reduces 
in this case to the interpretation of L- modules as M-equivariant sheaves on X. 

Assume that a finite group scheme G acts on X. Then we have the corresponding action groupoid 

Tg = {{gx,g,x) \ g eG,x G X} c X xG X X, 

where the maps s,t : To ^ X are induced by pi and ps (projections from X x G x X). Hence, by the 
above Theorem we have the corresponding pure kernel algebra over X 

Ax ■= Atg =Pi3*iP2i^G/s)- 

Now let G be a formal group scheme, locally nicely ind-finite over S. We define a G-equivariant 

structure on a quasicoherent sheaf F on X as an isomorphism in the sense of Horn-spaces of two pull-backs 
of F to G X X (via the projection and the action map G„ x X ^ X), satisfying the usual compatibility 
conditions (still in Hom-spaces) . Then we can apply Theorem 3.3.1(ii) to the formal groupoid Tq to define 
the pure kernel algebra Ax by the same formula as above (but with pi3* replaced by piai). Theorem 
3.3.1 implies the following result. 
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Corollary 3.3.2. Let G he finite group scheme (resp., locally nicely ind- finite formal group scheme) 
acting on a scheme X. Then the category of G-equivariant quasicoherent sheaves on X is equivalent to 
the category of Ax -modules. 

Note that in the above situation the coherent sheaf Opa on X x G x X has a natural structure of a 
kernel representation of G over X. Hence, using the construction of Proposition 3.2.3 we can associate 
with this kernel representation the kernel algebra A{OrG,<^G/s)- It is easy to see that it is isomorphic 
to Ax (see Lemma 3.4.4 for a more general statement). 

3.4. Twisting geometric actions by 1-cocycles. Recall that if X is an algebraic stack then a coho- 
mology class e e H^{X, Gm) (i.e., a G^-gerbe over X) allows to define a category of twisted quasicoherent 

sheaves on X (sec e.g., section 2 of [30]). Wc will show that some of the twisted categories of sheaves for 
the global quotient stack X = [X/G] are related to kernel representations of G over X of a special kind. 
It is convenient to describe Gm-gerbes over a stack using certain data over its groupoid presentation. The 
relevant notion of a 1-cocycle on a groupoid generalizes the well known description of gerbes using open 
coverings and line bundles on pairwisc intersections (see section 1 of [13], and also [27], [7]). 

Definition. Let X be a scheme, {s,t) : M X x X a, groupoid (resp., formal groupoid) over X. A 
1-cocycle on M is a line bundle C on M equipped with an isomorphism 

plC®plJC^m*C (3.4.1) 

on M Xx M, where m,pi,p2 : M Xx M ^ M are the product and the projection maps, such that the 
following diagram on M Xx M Xx M) is commutative: 

pIL (g) pIC ig) pIC p\C P2zm*C 



pl2'tTi* L ® p^L >- {mm)*C 

where mm : M Xx M Xx M ^ M is the composed product map. 

In the case when M = To = G x X is the action groupoid associated with an action of a group scheme 
(resp. formal group scheme) G on X we will also say that C is a 1-cocycle of G with values in Vic^X). 

Let e : X — > M be the unit. Pulling back (3.4.1) via e x e : X M Xx M yfe obtain an isomorphism 

Ox -> e*C (3.4.2) 

on X. Using the compatibility diagram above one can check that this isomorphism is compatible with 
the restrictions of maps (3.4.1) to M via the maps e x idjw : M ^ MxxM and idjw xe : M ^ M Xx M. 

Examples. 1. In the case when X ^ F is an fppf map of schemes (or a presentation of an algebraic 
stack Y) and M = X xy X is the corresponding groupoid, the notion of a 1-cocyclc on M is an algebraic 
version of gerbe data of [13] (resp., a presentation of a gerbe of [7]). Let us show how to construct a 
Gm-gerbe Gc on Y corresponding to a 1-cocycle C on M = X Xy X. For an open U ^ Y {in flat 
topology) let us consider E = X Xy U, and let Cu denote the pull-back of jC to E Xu E. Then Qc{U) is 
the category of line bundles ^ over E equipped with an isomorphism 

over E Xu E, satisfying the obvious compatibility on E Xu E Xjj E. Note that the pull-back of this gerbe 
to X is trivialized, namely, the 1-cocycle £ itself may be viewed as an object of Qc{X). Conversely, a 

G„i-gcrbc on Y equipped with a trivialization of its pull-back to X gives rise to a 1-cocycle on X Xy X: 
one simply looks at the difference of two trivializations of our gerbe to X XyX induced by two projections 
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to X. It is easy to sec in this way one gets an equivalence between the category of 1-cocycles on X Xy X 
and the category of G^-gerbes on Y with triviahzed pull-back to X. Let us observe also that a 1-cocycle 
C on X Xy X gives rise to an element of the relative Picard group Pic{X/Y) defined by Grothendieck in 
[19], and in the situation considered in [20] the corresponding element of the cohomological Brauer group 
is the class of the gerbe Qc- 

2. In the case when G is discrete a 1-cocycle of G with values in Vic{X) induces a 1-cocycle of G with 
values in the abelian group Pic{X) in the usual sense, where Pic{X) is viewed as a G-module. The 
obstacle to lifting a usual 1-cocycle of G with values in Pic(X) to Vic{X) is a certain cohomology class 
in H^{G, H^{X, O*)) that measures the defect for commutativity of the diagram (3.4). Note also that to 
give a 1-cocycle of G with values in Pic(X) is equivalent to lifting the homomorphism G Aut(X) to a 
group homomorphism G — > Aut{X) K Pic(X). On the other hand, we will show below that a 1-cocycle 
with values in 'Pic{X) gives rise to a kernel representation of G over X. Thus, if we think of the notion 
of kernel representation as a refinement of a homomorphism G Auteq(_Dqc(^)) then 1-cocycles with 
values in Vic{X) correspond to homomorphisms that factor through Aut(X) k Pic(X). 

3. The holomorphic analog of the above notion can be used to study holomorphic gerbes on quotients 
by actions of discrete groups. Taking X to be a complex vector space and G a lattice acting on X by 
translations, one gets a construction of gerbes on complex tori. It is easy to see that all gerbes on complex 
tori appear in this way. Furthermore, due to triviality of the relevant line bundles, these gerbes are in fact 
described by 2-cocycles of G with values in the group of invertible functions on X. An explicit cocycle 
representative for each equivalence class of gerbes was constructed in [8] (these representatives are similar 
to Appell-Humbert 1-cocycles describing holomorphic line bundles on complex tori). 

Given the connection of 1-cocycles with gerbes outlined above we should expect that they define 
twisted versions of the categories of equivariant sheaves. 

Definition. Let {s,t) : M — » X x X be a groupoid over X, C a. 1-cocycle on M. An C-twisted M- 

equivariant quasicoherent sheaf on X is a quasicoherent sheaf on X eqiiipped with an isomorphism 
a : £ (8) t*F s*F such that equations (3.3.1) are satisfied (these equations make sense because of 
the isomorphism m*C ~ p^C ® p^C and the trivialization of e*C). Morphisms between £-twisted M- 
equivariant sheaves arc defined in a natural way. 

The above definition can also be applied with appropriate changes to the case when M is a formal 
groupoid over X, satisfying the conditions of Theorem 3.3.1(ii): the morphism a and the compatibilities 
should be formulated using Hom-spaces (see (1.2.1)). 

If C and £' are 1-cocycles on a groupoid (s,t) : M — > X x X then there is a natural structure of a 
1-cocycle on the tensor product of line bundles £ (g) 

Definition.. With a line bundle L on X we associate the line bundle 5L on M hy 5L = s*L CE) f*L^^. 
Note that SL has a natural structure of a 1-cocycle on M that we call a coboundary 1-cocycle. If £ and 
£' are 1-cocycles on M equipped with an isomorphism C 5L oi 1-cocycles for some line bundle L 

on X, then we say that the 1-cocycles £ and £' are cohomologous. 

In the situation of Example 1 above cohomologous 1-cocyclcs lead to equivalent gerbes. In general, 
corresponding categories of twisted M-equivalcnt sheaves on X will be equivalent. Indeed, if F is an C- 
twisted M-equivariant sheaf on X then F ® L has a natural structure of an £ (5L- twisted M-equivariant 
sheaf . 

We have the following analog of Theorem 3.3.1 in the twisted case. 

Theorem 3.4.1. Let {s,t) : M ^ X be a formal groupoid over X satisfying the conditions of Theorem 

3.3.1(ii), and let C be a 1-cocycle on M . Then the sheaf C ® LOg has a natural structure of a convolution 
algebra on M . Its push-forward to X x X is a pure kernel algebra ^m(£ ^ Wg) over X. The category of 
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AMi^l^ ® i^s)-n^odules is equivalent to the category of C-twisted M-equivariant quasicoherent sheaves on 
X. 

The proof is similar to that of Theorem 3.3.1. Note that the convolution algebra structure on £ (g) 
is induced by the maps (3.3.3) and (3.4.1) along with the natural map m*£ (S) m'u!s m'{jO. x Us) (see 
Lemma 3.4.2 below for a more general construction). 

The following generalization of the notion of 1-cocycle leaves only the features of this notion that are 
necessary to get a convolution algebra on M. 

Definition. Let {s,t) : M ^ X x X he a. formal groupoid over a scheme X. A quasi-l-cocycle on M 
is an object e Dqc{M) equipped with a morphism a : p*M (gpj-^ ~^ m*M on M Xx M as in the 
definition of 1-cocycle (however, this morphism is not required to be an isomorphism) and subject to the 
same constraint onGxGxGxX. In addition, should be equipped with a map Ox e*T (which 
we call a unit for !F), compatible with the pull-backs of a to M via e x idM and idM xe. 

In the case when Al = Tg = G x X is an action groupoid associated with an action of a group scheme 
(resp. formal group scheme) G on X we will also say that J-" is a a quasi-l-cocycle of G with values in 

Lemma 3.4.2. Let {s,t) : M ^ X be a formal groupoid over X satisfying the conditions of Theorem 
3.3.1 (a), and let T G Dqc{M) be a quasi-l-cocycle. Then J^<Siu)s & Dqct{M) has a natural structure of a 
convolution algebra over M. 

Proof. As the convolution product on we take the following map on M: 

mi,{plJ^ ^P2J^ <^p[ujs ^p^'^s) —>■ mt,{m*J^^pluJs (8ip2^s) — >■ ^ <8) m* (p^Ws (8ip2^s) — *■ ^i8)Ws, 

where we use consecutively the quasi- 1-cocyclc structure on the projection formula, and the convolution 
product on constructed in Theorem 3.3.1. The associativity axiom follows from the associativity of the 
convolution product on lJs and the compatibility on Mx^Afx^M in the definition of quasi-l-cocycle. 
The unit on .F (g) is given by the composition 

where the maps are induced by the units for T and for Wg. □ 

We arc mostly interested in the case when M is the action groupoid Tq associated with an action of 
a group scheme (resp., formal group scheme) G on X. In this case a 1-cocycle £ of G with values in 
'Pic{X) can be viewed as a line bundle on G x X, and an £- twisted G-sheaf on X is a quasicoherent sheaf 
F on X equipped with an isomorphism 

Fg^ Cg,^ (8> (3.4.3) 

over G X X, where Fg^ denotes the pull-back of F under the map G x X ^ X : {g^x) ^ gx, etc. 
This morphism should reduce to the identity over e x X (recall that £e,x is trivialized), and the natural 
diagram on G x G x X should be commutative. We denote the category of £-twisted G-sheaves on X by 
QcohQ(X). In the case when G is finite we also denote by Coh^(X) C QcohQ(X) the full subcategory 
consisting of coherent sheaves equipped with the above data. Note that for a line bundle L on X the 
coboundary SL is given by SLg^^ = Lg^ ^ L~^. 

In the case when G is a group scheme the category QcohQ(X) should be viewed as a category twisted 
quasicoherent sheaves on the global quotient stack [X/G]. The next lemma states the corresponding 
invariance of this category under certain changes of a presentation (and extends it to the case of formal 
group schemes). 

Lemma 3.4.3. Assume thatG is finite group scheme (resp., locally nicely ind- finite formal group scheme) 
acting on X, and let (X', G') be another data of the same kind. Assume that we have a surjective 
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homomorphism of groups G' ^ G with the kernel K which is finite group scheme (flat over S), and 
a G' -equivariant morphism X' — » X. Assume also that X' ^ X is a K-torsor. Let C he a 1-cocycle 
of G with values in Vic{X), and let C be its pull-back to G' x X' . Then (^co\iq{X) is equivalent to 
Qcohg',(X'). 

The proof is a straightforward apphcation of the flat descent for quasicoherent sheaves. 
With a 1-cocycle C oiG with values in Vic{X) one can associate a kernel representation of G over X 
by setting 

where '■ G y. X ^ X y. G X X : {g,x) ^ {gx,g,x). It is easy to sec that for the trivial 1-cocycle we 
get precisely the kernel representation Vx associated with the action of G on X. 

More generally, if is a quasi- 1-cocycle of G with values in Dqc{X) then one we associate with a 
kernel quasi-representation of G over X by 

:= 7G*(-^) e Dg,{X xGxX). (3.4.4) 

This construction also works in the case when G is a locally nicely ind-finite formal group scheme provided 
^ G -Dg,-c*(G X X) (i.e., locally over G the cohomology of are in A-c>). In this case we have the 
corresponding kernel algebra 

■^xi^) ■= ■A{Vj^,ljg/s) = igx,x)*{p*ujG/s<^^) 
(see Proposition 3.2.3). One can easily check that this is the same kernel algebra as the one obtained from 
the convolution algebra structure on J- ®p*qUJg/S constructed in Lemma 3.4.2, where pc '■ = G x X ^ 
G is the projection. More precisely, one has the following statement (the proof is straightforward). 

Lemma 3.4.4. Let G be a finite group scheme (resp., locally nicely ind-finite formal group scheme) acting 

on X, and let T G Dqc{G x X) (resp., T € DQ^-g'{G x X)) he a quasi-l-cocycle of G with values in 
Dqc{X). Then the push-forward of the convolution algebra J^^PqUJg/S with respect to the homomorphism 
of groupoids jg '^g XxGxX can be identified with the convolution algebra Vj^®P20Jg/s on XxGxX 
associated with the quasi-representation Vjr (see Proposition 3.2.3). Hence, we have an isomorphism of 
kernel algebras over X: 

We have the following analog of Corollary 3.3.2 for twisted G-equivariant sheaves that can be deduced 
from Theorem 3.4.1. 

Corollary 3.4.5. LetG he finite group scheme (resp., locally nicely ind-finite formal group scheme) acting 
on a scheme X, and let C be a 1-cocycle of G with values in Vic{X). Then the category (^co\iq{X) is 
equivalent to Ji!^{C) — mod. In the case when G is finite, we also have CdhQ{X) ~ .4^(£) — mod^. 

The dependencies between the notions introduced above can be roughly summarized by the following 
picture 



Quasi 1-cocycles 

I. 

(3.4.4) ' 



p. 3.2.3 . (3.2.2) 
Kernel quasi-representations Convolution algebras *■ Kernel algebras 

Quasi- 1-cocycles appear naturally via the following construction. 

Lemma 3.4.6. Let G be a finite group scheme (resp., locally nicely ind-finite formal group scheme). Let 

f : X ^ Y be an affine G-equivariant morphism between S-schemes equipped with a G-action, and let T 
be a quasi-l-cocycle of G with values in Dgc{X) (in the formal case we assume that T G Dg,-^{G x X^). 
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Then (idc x/)*^ has a natural structure of a quasi-l-cocycle of G with values in Dqc{Y). Furthermore, 
we have an isomorphism of kernel algebras 

if X f )U^iT) ^ A^iiidG x/).^). (3.4.5) 

Proof. Set G = (idc x/)*^. Note that in the formal case we have Q S Dqc{G x Y) by Proposition 
1.2.2(vii), since / is an afBne morphism. The unit Ox ^ (e x idx)*^ for ^ induces a unit map 

Ox^iex idYTG ^ /*(e X idx)*^, 

where the latter isomorphism is given by the base change formula. Also, we have a natural morphism on 
GxGxY: 

Ggi,g2x ® Gg2,x ^ (idcxG >^ f) *i^gi ,g2x ® ^g2,x)- 

Hence, the quasi-l-cocycle structure on !F induces a similar structure on G- 

Recall that A^{!F) comes from the convolution algebra J^®Pg'^g/s over the action groupoid Tg{X) = 
G X X. Similarly, AyiG) comes from the convolution algebra G ®Pg^g/S over Tg{Y) = G xY. The 
projection formula and the base change formula give an isomorphism 

G®p*G^G/s - (idc xf)^{T ®pl,u:a/s) 

over Tg(Y) that induces the required isomorphism (3.4.5). The compatibility of the product maps and 
of units is easy to check. □ 

Proposition 3.4.7. Let G he a finite group scheme (resp., locally nicely ind-finite formal group) acting 
on X, and let T he a flat quasicoherent sheaf on G x X equipped with a quasi-l-cocycle structure. Then 
the kernel algehra Ax{^) is pure. If G is a finite group scheme and is a vector hundle then the pure 
kernel algebra Ax {^) is finite. 

Proof. By Lemma 3.4.4, we can realize A^{J^) as coming from the convolution algebra J- (E> PqUJg / s on 
Tg. Now the first assertion follows easily from Lemma 3.2.2. The second assertion is clear since in this 
case Axi^) is the push- forward of .F (g) Pq^g/s under a finite map. □ 



Remark. It is easy to see that if we change a 1-cocycle £ to a cohomologous cocycle C ® SL then the 
corresponding kernel representations of G over X are related via the autoequivalence of Dqc{X) given by 
tensoring with L (as in Proposition 3.2.4): 

Vc^SL ^A^Lox Vc Ox A*L"^ 
Hence, the corresponding kernel algebras are also related in a similar way. 



Example. Assume that the action of G on X is trivial. Then a 1-cocycle of G with values in Pic{X) 
is the same as a monoidal functor (over S) of stacks of groupoids G — > Vic{X) over S, i.e., in the 
terminology of [16], a central extension of G by Pic{X)). By definition, such a central extension is given 
by a line bundle £ on G x X equipped with an isomorphism 

^gig2,x — ^gi,x ^g2,x (3.4.6) 

satisfying the natural cocycle condition. In this case the morphism of groupoids Tg ^ X x X is a, 
composition of the natural projection p2 : Tg — G x X ^ X with the diagonal embedding A : X ^ XxX. 
Hence, 

A^{jC)-A,Ox[Gf, 

where 

Ox[Gf := P2*iP*G^G ® C) (3.4.7) 
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is an algebra in DqdX) associated with C Here the product on the right-hand side is induced by the 
convolution algebra structure on PqLOg®^, where G x X is viewed as a group scheme (resp., formal group 
scheme) over X. Note that the algebra is not always commutative even if G is commutative. 

This corresponds to the fact that our monoidal functor G Vic{X) does not have to respect the 
commutativity constraints (i.e., it is not necesserily a homofunctor between the Picard categories). For 
example, if X = S (the base scheme) then a 1-cocycle of G with values in 'Pic{S) over S is the same as 
a central extension of group schemes 

l^Gm-'G^G^l. 
The corresponding algebra is the twisted group algebra corresponding to this extension. 

Now assume that iJ is a group scheme (or a formal group scheme) acting on X (and G acts trivially 
on X). We say that an H-equivariant structure on a homofunctor £ from G to Pic{X) is given if £ is 
equipped with an i?-equivariant structure with respect to the natural action of H on G x X, and the 
isomorphism (3.4.6) is compatible with the iJ-action. In this situation we will also write that £ gives a 
homofunctor G — » Vic^{X). Recall that for a commutative group scheme A we denote by EXT {A, Gm) 
the Picard stack of (commutative) extensions of A by G^. In the case when we have a homomorphism 
H ^ A we denote by EXT^{A,Grn) the Picard stack of extensions of A by Gm equipped with a 
trivialization over H. 

Lemma 3.4.8. (i) In the above situation the category of monoidal functors G Vic^{X) over S is 
equivalent to the category of 1-cocycles of H x G with values in Vic{X), trivialized over H. 

(ii) Now assume that X is a commutative group scheme and, the action of H on X is given by translations 
(so we have a homomorphism H X). Then we can replace Vic{X) and Vic^{X) by the Picard stacks 
EXT{X,Gm) and EXT^{X,Gm), respectively. Assume also that G is a commutative group scheme or 
a formal group scheme. Then the following two categories are equivalent: 

(a) biextensions of G x X by Gm trivialized over G x H; 

(b) homofunctors G EXT"{X,Gm). 

This category is also equivalent to a full subcategory in the category of 1-cocycles of H x G with values 
in EXT{X,Gm), trivialized over H. 

Proof (i) To a monoidal functor £ : G ^ Vic^{X) over S we associate the line bundle P2^£ on HxGxX. 
It is easy to see that it is equipped with the required structures. The inverse functor is given by the 
restriction to Ch x G x X , where cr & H is, the unit. 

(ii) The equivalence of (a) and (b) follows from Proposition 1.3.3. To realize the category in (b) in terms 
of 1-cocycles oi H x G, trivialized over H, use (i). □ 

3.5. 1-cocycles and Cartier duality. Henceforward, whenever formal A;-groups are mentioned it is 
assumed that S = Spec(fc), where fc is a field of characteristic zero. 

Let X be an S'-schemc, G a finite commutative group scheme (flat) over S (resp., formal fc-group), 
and let G* denote the Cartier dual group scheme (resp., affine commutative algebraic group over k). 

Given a G*-torsor cj) : E ^ X consider its pull-back to G x X: (idc x^) -.GxE^GxX. Viewing 
the universal bicharacter b : G x G* ^ Gm as a homomorphism of group schemes G* Gm over G x X 
we can associate with the above G*-torsor a line bundle £e over G x X. It is easy to see that £e has a 
natural structure of a homofunctor G Vic{X). Note that this construction is local over X. Hence, the 
obtained homofunctor is locally trivial, i.e., there exists an open covering it — > X such that the induced 
homofunctor G Vic{ii) is trivial. 

Proposition 3.5.1. (i) The above construction gives an equivalences between the category of G* -torsors 
over X and the category of locally trivial homofunctors G 'Pic{X). Furthermore, for a G*-torsor 
(j) : E ^ X we have an isomorphism of sheaves of Ox -algebras 

(t>.OE^Ox[Gf^, 
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where the algebra structure on the right is defined by (3.4.7). 

(a) Assume now that X is a formal scheme over k and G is a formal k-group. As above, we have an 
equivalence between the category of G-torsors over X and the category of locally trivial homofunctors 
G* 'Pic{X). For a G-torsor tp : E ^ X and a torsion quasicoherent sheaf F on X we have a natural 
isomorphism of sheaves on X: 

tptip-F ~ F ®P2*Ce, 
where Ce is a line bundle on G* x X associated with E. 

Proof, (i) The quasi-inverse functor is constructed as follows. Given a locally trivial homofunctor C : 
G — > Pic{X), consider the functor of trivializations of C on the category of X-schemes. By definition, 
it associates with an X-scheme S the set of isomorphisms of the pull-back of £ to G ^ Vic{S) with the 
trivial homofunctor. It is easy to see that this functor is represented by a G*-torsor. 

To construct an isomorphism of Cx-algebras we consider their pull-backs to E. For the left-hand side 
we have a G-equivariant isomorphism of algebras 

<j)*<j)tOE — 7r^(7rG.),0G», 

where for every S scheme Y we denote hy tty ■ Y ^ S the projection to S. On the other hand, the 
canonical trivialization of (/>*£b gives rise to an algebra isomorphism 

rOxlGf^ ^7r*E{7^G)*^G, 

where (7rG)*WG is equipped with the convolution product. It remains to use the G*-equivariant isomor- 
phism 

(7rG*)*C'G* ^(7rG)!WG. (3.5.1) 

(ii) It is enough to construct such an isomorphism for the trivial G-torsor and to check its functoriality 
with respect to automorphisms of the trivial G-torsor. In this case we have E = G x X and £b is trivial; 
tp : G X X ^ X is the projection. Hence, we have to construct an isomorphism 

i;ii,-Fc^F®n*x{TTG')*OG', (3.5.2) 

compatible with automorphisms of the trivial G-torsor over X. Note that the projection ip : G x X —> X 
has a nicely ind-finite structure (since G is a union of finite fc-schemes). Hence, by Proposition 1.2.5(iii), 
we have -i/) F ~ 'tl>*F (8) ip'Ox- By the projection formula, this leads to an isomorphism 

ip^Tp'-F F ^Tp^ip-Ox- 

Using the compatibility of the formation of f Ox with base changes (see Proposition 1.2.5(iii)) and the 
base change formula (Theorem 1.2.4(ii),(iii)) wc get 

F (g) ^\iJj'Ox ^ F (g) -ip\p}.ujG ~ ® Trx{TTG)\^^G, 

where PG : G x X ^ G is the projection. It remains to use the G-equivariant isomorphism (3.5.1). The 
compatibility of (3.5.2) with automorphisms of both sides induced by automorphisms of the trivial G- 
torsor over X follows easily from the compatibility of the isomorphism (3.5.1) with the natural G-action 
on both sides. □ 

It follows that in the situation of Proposition 3.5.1(ii) we have an isomorphism of kernel algebras over 

X 

A,cI>,Oe ^ A^{Ce). (3.5.3) 

Now assume that H is a group scheme (resp., formal fc-group) acting on X. Since the equivalence of 
the above proposition is compatible with the pull-back functors (with respect to morphisms X' — > X), 
we deduce the following corollary. 

47 



Corollary 3.5.2. Let (j> : E ^ X he a G*-torsor and let Ce he the corresponding homofunctor G — > 
Vic{X). A lifting of the H -action on X to an action on E (commuting with G*) is the same as an 
H -equivariant structure on £e (compatible with the homofunctor structure). 

Now let us consider a special case when X is a commutative group scheme (resp., formal fc- group). 
Then instead of considering all G*-torsors we can restrict our attention to extensions E oi X hy G* in 
the category of commutative groups. Here is the corresponding specialization of Proposition 3.5.1. 

Lemma 3.5.3. (i) The construction of Proposition 3.5.1 induces an equivalence between the category of 
extensions of X by G* (resp., G) in the category of sheaves of commutative groups and the category of 
hiextensions of G x X (resp., G* x X) by G^. 

(a) Let H ^ X he a homomorphism. Then the category of Lemma 3.4.8(ii) is equivalent to the category 
of extensions E of X by G* in the category of sheaves of commutative groups, equipped with a splitting 
H ^ E over H. 

Proof, (i) This follows from Proposition 1.3.4 because of the vanishings 

ExtVa G^) = Ext^(G*, G™) = 
(sec Lemma 1.3.5; in the case when G is a formal fc-group we use Lemma 1.3.6(i)). 

(ii) This follows immediately from part (i) using the definition (a) of Lemma 3.4.8(ii). □ 

Now let us go back to the situation when X does not have a group structure. Assume that iJ is a finite 
commutative group scheme (resp., formal fc-group) acting on X, G is a finite commutative group scheme 
(resp., formal fc-group), and (f) : E ^ X in & G*-torsor equipped with an /f-action that commutes with 
the G*-action and is compatible with the i?-action on X. In addition, assume that we have an extension 
of commutative group schemes (resp., formal A;-groups) 

Q^G^H^H^Q. 

Let B be the corresponding biextension of HxG* by G^ (see Lemma 3.5.3(i)). We would like to identify 
the kernel algebra {4> x 4>)^,Ae{M), where M is a 1-cocycle of H with values in Vic{E), with some kernel 
algebra corresponding to the action of iJ on X (and a 1-cocycle). For this we need to impose the following 
compatibility of A4 with the biextension B. 

Definition. Let M he a 1-cocycle of H with values in 'Pic{E). We say that M is equipped with 
(G*, jB)-equivariant structure if an isomorphism 

Mh,g'e ^ Bh,g' ®Mh,e 

is given, and the following diagrams on H x H x G* x E and H x G* x G* x E are commutative: 

Mh^Mg'e O Mh2,g'-e Bhi,g* ® Bh2,g' ® Mhi,h2e O Mh2,e 



Mhih2 



Bhih2,g* ® Mhih2,e 



Bh,glgi O Mh,e Bh,g- Bh,g- Mh,e 
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Since the pull-back oi B to H x G* is trivial, the pull-back of a (G* , B)-equivariant 1-cocycle Ai of 
H with values in T'ic{E) to H x E is equipped with a G*-equivariant structure. Hence, it descends to 
a 1-cocycle M oi H with values in Vic{X). It is easy to see that the restriction of to G is naturally 
isomorphic to jCe '■ G — > Vic{X), the homofunctor associated with E. 

Proposition 3.5.4. The above construction M i-^ M. gives an equivalences between the categories of 
{G* , B)-equivariant 1-cocycles M. of H with values in Vic{E) and 1-cocycles A4 of H with values in 
Vic{X) extending Ce- Furthermore, we have an isomorphism of convolution algebras over HxX (viewed 
as a groupoid over X): 

pIujh ® (idff X(p)^M ~ (vr X idx)\{p*iiOfj (E) M), (3.5.4) 

where n : H ^ H is the projection. Here the left-hand side is the convolution algebra associated with the 
quasi-l-cocycle structure on (idn x<p)^Ad (see Lemma 3.4-6), and the right-hand side is the push-forward 

of the convolution algebra associated with M. with respect to the m,ap n xid : H x X ^ H X X of groupoids 
over X (see Lemma 3.2.1). Hence, we have an isomorphism of kernel algebras over X 

X <}>),A%{M) ~ A^{M). (3.5.5) 

Proof. Let us show how to go back from a 1-cocycle ^A ot H with values in Vic{X) extending Ce to & 
(G* , S)-equivariant 1-cocycle of H with values in Vic{E). Let M' denote the pull-back of Ai under the 
map \dx(j) : HxE — » HxX. Then Ai' is a 1-cocycle of H with values in Vic{X). Note that the pull-back 
oi Ce under the map id^ X(j} : G x E ^ G x X is naturally trivialized, and the G*-equivariant structure 
on it (where G* acts on E) is induced by the universal bicharacter G x G* ^ G^. It follows that Ai' 
restricts to the trivial 1-cocycle of G, so it descends to a 1-cocycle Ai of H/G ~ H with values in Vic{E). 
The (G*, S)-cquivariant structure on A4 comes from the G*-equivariance of A4' (recall that the pull-back 
of B to H X G* is naturally trivialized but G acts on it via the universal bicharacter G x G* ^ G^). 

To construct an isomorphism (3.5.4) let us first consider the pull-backs of both sides under the map 
idjj X(f) : H X E —> H X X . By the definition, we have an isomorphism 

(tt X idi<;)*M ~ (id^ x^yM 

over HxE, compatible with 1-cocycle structures (for H). Applying the fiat base change formula for the 
cartesian diagram 

~ ids xd) ~ 

HxE — ii-JU HxX 



TT X idE 



TT X idx 



HXE "^"""t HxX 
and the projection formula for the morphism tt x id^ we derive an isomorphism 

(idij x<p)*{n X idx)]{pl(j0jj^A4) ~ (tt x idE)]{p*iCOH) ^ Ai 

of convolution algebras over HxE (viewed as a groupoid over E) . Another use of the base change formula 
gives an isomorphism of this with pKmu; ^) ® Ai. Note that we can view tt : H ^ H as a. G-torsor over 
H (see Lemma 1.3.6(ii)). Hence, using the isomorphism of Proposition 3.5.1(ii) we get 

TT\LOfj ~ TTlTT'OJH — iOH ®P*B. 

Thus, we derive an isomorphism 

(idff X(/>)*(7r x \dx)\{p*iOJH® ^) - pH'-^h ® P*B) ® Ai (3.5.6) 
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On the other hand, using the (G* , S)-equivariance of M. we get 

(idij X (?!))* (idij X(f>)^M~ Pi3*{p*i2^) (81 X ~ p*i{p*B) M, 

where pij are projections from H x G* x E, pi : H x E ^ H and p : H x G* ^ H are also projections. 
Hence, 

{iAh X(j))*{pltjJH ® (id// x4i)*M) ~ pI{i^h ® p*B) ® M. 

Comparing this with (3.5.6) we get an isomorphism of the pull-backs of both sides of (3.5.4) under 
id/f x0, compatible with convolution algebra structures. It is easy to check that it is also compatible 
with G*-actions, so it descends to an isomorphism over H x X. 

The isomorphism (3.5.5) follows from (3.5.4) by passing to associated kernel algebras, taking into 
account the isomorphism 

{(j> X (1>),A^{M) ~ ((id xcl)),M) 
that follows from Lemma 3.4.6. □ 

By Lemma 3.4.8(i), an i?-equivariant structure on a homofunctor C : G ^ Vic{X) gives rise to an 
extension of £ to a 1-cocycle £ oi H x G with values in Vic{X), trivial over H. Hence, we have the 
corresponding pure kernel algebra Ax^'^{£) over X. 

On the other hand, a lifting of the -ff-action on X to an action on E gives rise to a pure kernel algebra 
over E. Hence, we get a pure kernel algebra {(j) x (t))*A^ over X. 

Corollary 3.5.5. Assume that G and H are finite commutative group schemes (resp., formal k-groups), 

X is a schem,e with H -action, (j) : E —>■ X is a G* -tors or equipped with an H -action, Ce ■ G Vic(X) 
is the corresponding H-equivariant homofunctor, and Ce is the corresponding 1-cocycle of H x G with 
values in Vic{X). Then there is an isomorphism of derived kernel algebras over X: 

{<t^xcj)),A%-A'^'''^{CE). 

3.6. Compatibility with open coverings. We are going to give a criterion for a kernel algebra coming 
from a convolution algebra to be of afhne type (see section 2.3). 

Definition. Let X be a scheme, and let M be a formal groupoid over X. We say that M is compatible 

with an open covering il = UiUi X (in flat topology) if an isomorphism a : Mixxx~Mxxu over M is 
given, where for a scheme Y over X x X we denote by My the fibered product M XxxxY- We require 
a to satisfy the following compatibilities. First, the diagram 

Miixx XX M ^ M XX Mxxu 



Mixxx Mxxu 

should be commutative, where the vertical arrows are obtained from the product map m : M XxM —> M 
by the base change, and the upper arrow is given by the composition 

Muxx xx M ~ (M xx M)uxxxx ^ (M Xx M)xxUxx ^ {M xx M)xxXxu ^ M Xx Mxxix 

with ai and Q2 induced by a. Second, the composition of a with the map ui : 11 Afyxx should 
coincide with the map U2 : IX ^ Mxxix, where ui and U2 obtained by the base change from the unit map 
u:X^M. 
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Proposition 3.6.1. Let M he a groupoid over X (resp., formal groupoid over X such that the structure 
maps s,t : M X are flat and of Idu-pseudo-finite type). Assume that M is compatible with an open 
covering j : H = UiUi X, where ji : Ui X are affine morphisms, Then for every convolution algebra 
V on M the kernel algebra Am{V) over X is compatible with this open covering. 

Proof. By definition, AmO^) is the push-forward of V with respect to the structure morphism n : M ^ 
X X X. Let us denote by ji : M^xxx M and j2 ■ Mxxu M the natural morphisms. Then 

Am{V) ox A(ii) ~ (id xi),(id X j)MM(V) 

can be identified with the push-forward to X x X of j2*j2^ S DgdM). Similarly, A(ll) o^^^ Am{V) can 
be identified with the push-forward of V € Dqc{M). Since we have an isomorphism of MxxU and 
^Uxx over M, this leads to the required isomorphism 

AmIV) ox A(il) ^ A(il) Am{V). 

Compatibility with the product (resp., unit) on AuiV) follows from the commutativity of the diagram 
(resp., compatibility of a with ui and W2) in the above definition. □ 

For a formal group scheme G, Idu-pf (Ww-pseudo- finite) over a field k, we denote by Go its connected 
component of 1, so that Go is infinitesimal, and G/Go is an etale formal group corresponding to the 
Gal(fc/fc)-module G{k). 

Proposition 3.6.2. Let G be a finite group scheme acting on X. Then for every flat quasicoherent sheaf 
on G X X equipped with a quasi-l-cocycle structure, the kernel algebra Ax{^) is pure and of affine 
type. Similar result holds if S = Spec(fc), where k is a field, and G is a formal group scheme, Idu-pf 
over k, such that the action ofGal{k/k) on G{k) factors through Gal(fc'/fc) for some finite field extension 
k C k'. 

Proof. Recall that Ax{^) is the kernel algebra associated with a convolution algebra structure on the 
sheaf .F ®p*QijJG/s over the action groupoid Tq (see Lemma 3.4.4). It is pure by Proposition 3.4.7. To 
check that it is of affine type, by Proposition 3.6.1, it suffices to find an open affine covering it — > X, such 
that the action groupoid Tq is compatible with il. 

Consider first the case when G is a finite group scheme over S (recall that we assume it to be flat 
over S). We can assume that S is affine and pick a finite open affine covering iX — > X. Then setting 
il = G X il we obtain a G-equivariant open affine covering of X in flat topology, where the map iX — > X 
is the composition 

il = GxH^GxX^X 

(the last arrow is given by the G-action on X). 

Now let us consider the case when S = Spec(A;) and G is a formal group scheme, Idu-pf over k. We 
start by choosing an arbitrary Zariski open affine covering it = (Ui) of X. Since the action of Gq preserves 
each open subset Ui C X, for every g G G(fc) there is a well-defined affine open subset g{Ui) C Xj, where 
Xj is obtained from X by extending scalars to k. If O C G(fc) is a Gal(A;/fc)-orbit (necessarily finite by 
our assumption) then the affine scheme Lig^ogiUi) comes from an etale open Uo.i X. These form an 
etale covering of X. Furthermore, it is easy to see that there is an action of G on {Uo,i) compatible with 
its action on X, as required. □ 

3.7. Projective kernel representations and the Fourier- Mukai transform. The formalism of the 

Fouricr-Mukai transform for abclian schemes requires to introduce a projective version of the notion of 
kernel representation (similar to the notion of projective representation of a group). 
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Definition, (i) Let G be a group scheme (resp., formal group scheme) over S. A 2-cocycle of G with 
values in Vic{S) is a Hne bundle C over G x G equipped with an isomorphism 

^91,92 ■^5132 ,33 ~* ■^31 ,3253 ^^92,93 

on G^ such that the following diagram on is commutative: 




•31,323334 ® -^32,3334 ^ ^93,94, 



In addition, we assume that the bundle (e x e)*C = Ce,e on S is trivialized, where e : S* ^ G is a neutral 
element. This induces a trivialization of the bundles £e,g and Cg^e on G (using the cocycle isomorphism). 

(ii) Given a 2-cocycle £ of a group scheme G with values in Vic{S), and a scheme X over S, a projective 
kernel representation of G with the cocycle L over X is an object V G Dg^X x G x X) equipped with 
an isomorphism 

^ : V ox V^{idx xm x idx)*V ®P23<~- 
over X X G X G X X (where m : G x G ^ G \s the product), and an isomorphism 

u : A*Ox^(idx xe x idx)*F 
subject to the following conditions. The morphism fj, induces the following morphism on X x G^ x X: 

{V Ox V)oxV ^ {{idx xm x id^)*!^ 0^23-^) °xV ~ jCg,,g^ ig) (id^ xm x idc x idx)*(V V). 
Using fj, again we get a map (an isomorphism) 

{V Ox V)oxV ^ Lg^^g^ O £gig2,33 ® (idx xmm x idx)* V, 
where mm :G^^G sends (91,92,93) to 919293- Similarly, we construct a map 

V Ox (V Ox V) jCg^.g^g^ (g) Cg^^g^ (g) (id^ X 771171 X idxYV, 

and we require these maps to be the same. The maps u and /x should be compatible as follows: the 
composition 

V ~ A^Ox Ox V ""-^''^ {idx xe x idxTV oxV^V, 

where the second arrow is induced by (idx xe x ida x idx)*M by the trivialization of (e x idx)*jC. 
(resp., similar composition starting with idoxu) should be equal to the identity map. 

In the case when G is a formal group scheme the above definition still make sense provided V G 
Da^-(f{X X G X X) and the support of V is proper over X xG and over G x X. 

(iii) Given a 2-cocycle £ of G as above, and an S'-scheme X equipped with an action of G, a coboundary 
for C with values in 'Pic{X) is a line bundle A4 over G x X together with an isomorphism 

0:{91,92;X) : Mg^^g^x® Mg^^x^Mg^g^^x ® ^fll ,32 
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on G X G X X and a trivialization of (e x idx)*M = A^e,x compatible with a{e,e;x), such that the 
following diagram on x X is commutative: 

A// U U Q^(g2,g3;a^)^ . , ■ > ^ 

■'^Si,S2g3a;-'*^g2,S3a:-'*^g3,x " ■'^gi,g2g3X-'^g2g3,3:'-g2,g3 

a{gi,g2;g3x) 

■'^'■gig2,g3xJ^ig3,x'~'gi,g2 ■'^^gig2g3,x>-gig2,g3'-gi,g2 ■'^'313293, a:-'-gi,S2S3''-S2,S3 

where (3 is induced by the structure of the 2-cocycle on £ (we skipped the signs of tensor product for 
brevity). 

In the case when the 2-cocyclc C is trivial the definition (ii) (resp., (iii)) above reduees to the notion 
of a kernel representation (resp., a 1-cocycle with values in Vic{X)) considered in section 3.4. 

Examples. 1. Let ^ be a commutative group scheme, C a biextension of A x ^4 by G^. Then C has a 

natural structure of a 2-cocycle of A with values in Vic{S). 

2. If / : G G" is a homomorphism of group schemes over S and C is a 2-cocycle of G' with values 
in Vic{S) then (/ x f )*C' has a natural structure of a 2-cocycle of G. In particular, by the previous 
example if we have a homomorphism / from G to a commutative group scheme A and a biextension C 
of j4 X j4 by Gm then (/ x f)* C has the structure of a 2-cocycle of G. More generally, if A and B are 
commutative group schemes and C is a biextension of A x _B by G„i then for a pair of homomorphisms 
f : G ^ A, g : G B the pull-back (/ x g)* C has a natural structure of a 2-eocycle of G. 

Note that 2-cocycles of G with values in Vic{S) form a commutative Picard category with respect to 
the tensor product operation. For any line bundle A4 G Vic{G) we can form a 2-cocycle of G with values 
in Vic{S) 

A coboundary with values in Vic{S) for a 2-cocycle C is given by a line bundle M together with an 
isomorphism £ ~ A{M-)^^ of 2-cocycles. 

For a 2-cocycle £ of G with values in Vic(S) and a line bundle on G we have an equivalence from 
the category of projective kernel representations of G over X with the 2-cocycle £® A(A^) to the similar 
category for £ sending V to V ®p*qM, where pa X x G x X ^ G is the projection. 

Now assume that we have an action of G on X . Generalizing the construction of section 3.4, given a 
2-cocycle £ of G with values in Pic{S) and a coboundary M for £ with values in Pic{X), we can define 
a projective kernel representation of G over X by setting 

Vm = 7G*(-A4), 

where 7g(.9, x) = {gx, g, x). For TV G Vic{G) the line bimdle M ® p\M £ Vic{G x X) acquires a natural 
structure of a coboundary for £ ® h.{M)~^ with values in Vic{X). The corresponding projective kernel 
representation is 

Vmis>pIJV -Vm<Si ph-^f. 

Example. Let A be an abelian variety over a field k, A the dual abelian variety. Set = Ax A. There 
is a natural homomorphism from the group XA{k) to the group of autoequivalences of D^{A) (viewed 

up to an isomorphism) such that A{k) acts by translations and A{k) acts by tensoring with line bundles. 
Let us give a categorified version of this picture that also works in the relative setting (cf. [37], sec. 3). 
Assume now that A is an abelian scheme over S, A is the dual abelian scheme, and Xa = Axs A. Then 
we are going to construct a projective kernel representation of Xa over A with the 2-cocycle Ca = ^32^) 
where V is the Poincare line bundle on Xa and P32 '■ X\ = {A x Ax A sends (xi, ^1, 3:2, ^2) to 
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(a;2,^i). Namely, if we let Xa act on A by translations (with A acting trivially), then we have a natural 
coboundary M. for Ca with values in Pic{A) given by 

M(^,^^.y)=Vy,^, (3.7.1) 

where {x, ^; y) G {A x A) x A. Indeed, the biextension structure on V gives rise to an isomorphism 

Therefore, we have the corresponding projective kernel representation of Xa over A given by 

V{A) := Vm = {x + y, X, y),M G Coh(A xXaxA), (3.7.2) 

where {x,^,y) e A x A x A. 

We have the following version of Proposition 3.2.4 for projective representations. The proof is analo- 
gous, so we skip it. 

Proposition 3.7.1. Let X and Y be schemes over S, and let {V, Q,a,P) he adjoint kernel data, where 
V e Dqc{X X Y) and Q G DqciY x X). Let also G he a group scheme, and let V he a kernel projective 
representation of G over X with a 2-cocycle C. Then Q ox V ox V has a natural structure of a kernel 
projective representation of G over Y with the same 2-cocycle. This correspondence is compatible with 
restriction under homomorphisms of group schemes and with the functors of the form V i— > V(E)PqM for 
M G Vic{G) (where C gets replaced hy C®5M). Similar assertions hold if G is a formal group scheme, 
X and Y are proper over S, and V G Dg,-c*{X x G x X). 

Recall that the Fourier-Mukai transform Dqc{A) ~ Dgc{A) corresponds to taking as V the Poincare 
line bundle on A x A and Q = ® p*^u; g[g] on Ax A, where is the projection to A, g is the 
relative dimension of A/ S. Using the fact that this transform exchanges the operation of translation on 
A and of tensoring with the corresponding line bundle on A, wc can easily calculate the Fourier-Mukai 
dual of the projective kernel representation of Xa =^4x^4 over A considered above. 

Proposition 3.7.2. The Fourier-Mukai dual of the projective representation V{A) of the group Xa is 
given hy 

Q OA V{A) oaVc^ p*xV-^ ® (id^ xk x id^)*F(i), (3.7.3) 

where k is the isomorphism 

K : Xa = A X A ^ X^ = A X A : (x,^) -x), 

and px '■ A x Xa x A —> Xa is the projection. The isomorphism (3.7.3) is compatible with the ker- 
nel projective representation structures on V{A) and V{A) via the isomorphism k : Xa—^X^ and the 
isomorphism of 2-cocycles of Xa 

K{V) (g) (k X k)*C^ ~ Ca. 

Proof Let us consider two simpler kernel representations related to V{A): the one corresponding to the 

action of translations, and the one corresponding to tensoring with line bundles associated with points 
in A. The first is the kernel representation of A (viewed as a group scheme) over A given by 

Vt{A) (x + y, x, y),OAx A G Coh(A xAxA), 

where (x, y) ^ A x A. The second is the kernel representation of A over A given by 

V^{A) = {x,^,x)^P G Coh(A xAxA), 

where x G A, ^ G A. We have natural isomorphisms 

VtiA)oAV^{A)^ViA), (3.7.4) 
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VM OAVt{A)c^p*xV®V{A) 



(3.7.5) 



that are compatible with the structures of kernel representations on Vt{A) and V0{A) and with the 
structure of a projective kernel representation on V{A) in the following sense. Combining (3.7.4) and 

(3.7.5) we get the following "commutation" relation: 

V^{A) OA Vt{A) ~ p*^V ® Vt{A) OA V^{A). (3.7.6) 

Now the compatibility asserts that the projective kernel representation structure on V{A) is given by the 
following composition: 

V{A) OA V{A) ~ Vt{A) OA V^{A) OA Vt{A) V^{A) ~ pl^V Vt{A) oa Vt{A) V^{A) V^{A) ^ 
pl^V ® Vt{A) OA V^{A) ~ p*^^V o V{A), 

where the first and the last isomorphisms are induced by (3.7.4), the second isomorphism is induced by 

(3.7.6) , and the arrow is given by the kernel representation structures on Vt{A) and on V^{A). Thus, 
it is enough to compute the Fourier duals of the kernel representations Vt{A) and V®(A). Using the 
relation QoaV c=l A*j4 and the biextension structure of V, one gets the following isomorphisms of kernel 
representations: 

QoaV^{A) oaV-VM), 

Q OA Vt{A) oaP- (id^ X [-1]^ X id^yVM- 
One can check that this indeed leads to (3.7.3). □ 

We are going to use the above result to calculate the Fouricr-Mukai duals of some kernel representa- 
tions obtained from V{A) by restricting to subgroups over which the corresponding 2-cocycle becomes a 
coboundary. 

Definition. Let G be a group scheme (resp., a formal group scheme) over S, A an abelian scheme over 
S. A G-twisting data T = (/, /', a, t) for A consists of homomorphisms f : G ^ A, f : G ^ A, and of a 
line bundle a over G equipped with an isomorphism of 2-cocycles of G with values in Vic{S) 

i : A(a) ~ (/ X f'yv, 

where V is the Poincare biextension oi Ax A. If T = (/, /', a, b) is a G-twisting data for A then the dual 
G-twisting data for AisT = (/', — /, d, (.'), where 

a = a®{f,f'yp-\ (3.7.7) 

and b' is induced by b. 

Note that the 2-cocyclc (/ x f')*V of G is the pull-back under (/,/') : G ^ of the natural 2- 
cocycle Ca = P32^ of Xa- Hence, the coboundary (3.7.1) for Ca with values in Vic{A) together with the 
isomorphism b induce a 1-cocycle of G with values in Vic{A). The underlying line bundle on G x A is 

C{T) := pla {id xfyr. 

It is easy to see that a 1-cocycle C of G with values in Vic{A) appears in this way iff JO\gxA,, £ Pic"(As) 
for every geometric point g of G (where s is the image of g in S). Indeed, in this case we can write C in 
the form pla ® (id xf')*V for some line bundle a over G and some morphism f : G ^ A. Unraveling 
the cocycle condition we get that /' should be a homomorphism and a should satisfy A(a) — {fx f')*V. 

We set QcohG(^) = Qcoh§^^^(A) (resp., Cohc(A) = Co]i§'^\A)). Note that by Corollary 3.4.5, 
we have QcohG(A) ~ A^{C{T)) - mod (resp., CohG(^) ~ A^{jC{T)) - mod''). The following result 
generalizes Theorem 15.2 of [38]. 
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Theorem 3.7.3. Assume S is semi-separated. The kernel represeniations of G over A and A associated 
with C{T) and C{T) are Fourier-Mukai dual to each other. Hence, if G is a finite flat group scheme over 
S then the corresponding pure kernel algebras ^^(/:(r)) and A^{C{f)) are also Fourier-Mukai dual, and 
we get exact equivalences 

D(Qcohg(A)) ~ £)(Qcoh^(i)), 

D\Cohl{A)) - D*(Coh^(i)). 
The first of these equivalences also holds if S = Spcc(fc), where k is a field, and G is a formal group 
scheme, Idu-pf over k, such that the action of G&\{k / k) on G{k) factors through Gal(fc'/fc) for some finite 
field extension k C k' . 

Proof. Let us denote by V{A)\g e Coh(^ x G x A) (resp., V^(A)|g e Coh{A x G x A)) the restriction of 

the projective kernel representation ^(^4) of Xa over A, via the homomorphism (/, /') : G —>■ Xa (resp., 
(/', — /) : G — > X^). Then we have natural isomorphisms of kernel representations of G 

Vc{T) ^ Pha ® V{A)\g, Vc(f ) pha ® V{A)\g. 

Hence, by Proposition 3.7.2, 

Q OA VciT) oaV- phia ® (/, f'TT^-') » ViA)\G ^ V^^fy 

By Proposition 3.2.4, this implies the isomorphism of kernel algebras 

QoAA'AmT))oAp:^A^{C{f)). 

Now the first equivalence of categories follows from Theorem 2.5.1(i). Note that we can apply it because 
the kernel algebras A^iC{T)) and A^{C{f)) are pure and of afhnc type by Proposition 3.6.2. To deduce 
the second equivalence of categories we use Theorem 2.5.1(iii) (recall that if G is finite then the kernel 
algebra A'^iC{T)) is finite). □ 

Remark. It would be interesting to try to describe all exact equivalences between derived categories of 
twisted coherent sheaves over abelian varieties by generalizing the picture of [35]. The above theorem 
provides many examples of such equivalences. 

Example. Let us explain how the equivalences between modules over algebras of twisted differential 
operators (tdo's) considered in [39] fit the above theorem. Let A be an abelian variety over a field k 
of characteristic zero, and let G be a formal group scheme over k, isomorphic as a formal scheme to 
Spf fc[[ti, . . . ,tn]]. Then the kernel algebra A = A^{C{T)) over A associated with a G-twisting data 
T = (/,/',«,<.) for ^ is a D-algebra (see [5], and Example 1 of section 2.2 above). Furthermore, the 
natural filtration of ujg (given by the infinitesimal neighborhoods of zero) induces an exhaustive algebra 
filtration C C . . . such that the associated graded algebra is isomorphic to the commutative Oa- 
algebra S{Lg)®Oa^ where Lg is the Lie algebra of G, S{Lg) is the symmetric algebra on Lg ■ According 
to Lemma 5.1 of [39], such a D-algebra A is the universal enveloping algebra U^{L) corresponding to 
a structure of a Lie algebroid on Lq ^ Oa and a central extension L of this Lie algebroid by Oa- The 
Fourier-Mukai duality of such algebras (and derived categories of modules over them) developed in section 
7 of [39] matches the duality picture obtained from Theorem 3.7.3. Note that the algebra A^{C{T)) is a 
tdo iff the tangent map df : Lg La is an isomorphism, where La is the Lie algebra of A (see section 
5 of [39]). In this case / gives an isomorphism of G with the formal group obtained from A. 

Here is an example of dual twisting data that will be relevant for the next section. 

Corollary 3.7.4. Let A be a abelian scheme over a semi-separated scheme S , and let G and H be finite 
flat commutative group schemes over S equipped with homomorphisms f : G A, f : H ^ A along with 
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a trivialization of the biextension (/ x f'yp ofGxH, where V is the Poincare biextension of A x A. We 
can view the line bundle C{f') = {ps, f'p2)*'P on G x H x A as a 1-cocycle of G x H with values in Vic{A) 
(where H acts trivially on A), and the line bundle C(f) = {fpi,P3)*V on G x H x A as a 1-cocycle of 
G X H with values in Vic{A) (where G acts trivially on A). Then the kernel algebras A^^^ {C{f')) and 
A*^^^ {C{f)) are Fourier-Mukai dual to each other, so we have exact equivalences of categories 

£>(Qcoh§(/2(^)) ^ l)(Qcoh§i^l,(i)), 

D\Co\,i^P^{A)) 0, D\Coh^^^U^)). 

The first of these equivalences also holds if S = Spec(fc), where k is a field, and G (resp., H) is a formal 
group scheme, Idu-pf over k, such that the action of Gal(fc/fc) on G{k) (resp., H{k)) factors through 
Gal{k'/k) for some finite field extension k C k'. 

Proof. By definition, the 1-cocycle £(/') of G x H with values in Vic{A) has form C{T) for the G x H- 
twisting data for A 

T^{fp,,f'p2,OGxH,i), 

where t is induced by the trivialization of (/ x f'yp on G x H. Similarly, jC{f) = C{T), for the 
G X if -twisting data for A 

f={f'p2,fpi,OGxH,Tl 

with T induced by the above trivialization. Note that T differs from the twisting data T by the automor- 
phism id x[— 1] of G X H. Hence, the kernel algebras on A associated with T and T are isomorphic. It 
remains to use Theorem 3.7.3. □ 



4. FOURIER-MUKAI DUALITY FOR ORBI-ABELIAN SCHEMES AND GENERALIZED 1-MOTIVES 

In this section we will apply the techniques of kernel algebras to get versions of the Fourier- Mukai 
equivalences in two situations. The first situation arises when we have a homomorphism G E, where 
G is a finite flat commutative group scheme, E is an extension of an abelian scheme by a flnite flat 
commutative group scheme, and we consider the category of G-equivariant sheaves on E. It turns out 
that one can construct a dual data of this kind and an analog of the Fourier-Mukai functor. The second 
situation is the generalization of the one considered by Laumon in [29]: here we work over a field k 
of characteristic zero, G is a formal /c-group (see beginning of section 3 for our conventions on formal 
fc-groups), and E is a commutative algebraic group over k. 

We start by studying in sections 4.1 and 4.2 the duality in the particular case of the first situation 
when the base scheme is a field, since in this case a nice duality functor exists on certain derived category 
containing both abelian varieties and finite commutative group schemes. Then we will proceed to more 
general setups mentioned above. 

4.1. Duality functor on the derived category of commutative proper group schemes over a 
field. Let fc be a field. For a commutative algebraic group X of finite type over k we denote by Xq its 
connected component of 1 taken with reduced scheme structure (this is denoted as CR{X) in [36]). Also 
for an integer 7^ we denote by Xn the kernel of the map [N]x : X ^ X : x 1-^ Nx. 

Lemma 4.1.1. The following conditions for a commutative algebraic group X over k are equivalent: 

(a) X is proper; 

(b) Xq is an abelian variety; 

(c) X is isomorphic to a subgroup scheme of an abelian variety. 
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Proof. The equivalence of (a) and (b) is well known. It is clear that (c) implies (a). To prove (b) (c) 
we use the fact that every finite group scheme can be embedded into an abelian variety as a subgroup 
scheme (sec [36] (15.4)). Let X be any commutative proper group scheme. Then there exists an integer 
TV > such that X/Xq is annihilated by N. Hence, Xq = NXq C NX C Xq, so that NX = Xq. 
It follows that X/Xn ~ Xq is an abelian variety. Now pick an embedding X^ C A, where A is an 
abelian variety. Then X is a subgroup scheme of the induced extension of Xq by A, which is an abelian 
variety. □ 

Let Q^.^ denote the category of commutative proper group schemes over k. This is a full subcategory 

of the category Qk of all commutative algebraic groups over k. It is well known that Qk is an abelian 
category (see [22], exp. VI a, 5.4). A nice exposition of the properties of this category can be found in 
chapter II of [36]. 

Lemma 4.1.2. The subcategory C Qk is a Serre subcategory. 

Proof. It is clear that is closed under quotients and subgroup schemes. Assume that 

^ X ^ Z ^0 

is an exact sequence in with X,Z G ■ Then the morphism Y ^ Z is proper and Z is proper, hence, 
Y is proper. □ 

For the theory of torsion pairs and tilting the reader can consult [26] (a concise exposition can be 
found also in section 5.4 of [11]). 

Lemma 4.1.3. Let Q[ and AVk be the subcategories of finite group schemes and abelian varieties in , 
respectively. Then {AVk,Ql) is a tilting torsion pair in . 

Proof. All morphisms from an abelian variety to a finite group scheme arc trivial. Also, by Lemma 4.1.1, 
for X G we have Xq e AVk and ttqX := X/Xq G Q^, so {AVk, Qk) is a torsion pair. The fact that it 
is tilting follows from Lemma 4.1.1. □ 

Theorem 4.1.4. There exists an exact functor ^]) : D'> {Gl'' D^{Qk^) such that 
('i; D o D ~ Id; 

(ii) n{A) ~ A for an abelian variety A; 

(Hi) 0{G) ~ G*[l] for a finite group scheme G. 

Proof. The idea is to use resolutions in terms of abelian varieties. More precisely, the fact that [AVk-, QI ) 
is a tilting torsion pair in Q'^'^ gives an equivalence D''{gl'') ~ D^{AVk), where AVk is viewed as an 
exact category (see [11], Lemma 5.4.2; see also [6], Ex. 1.3.23 (iii)). Since the duality for abelian varieties 
preserves short exact sequences, it extends to an exact functor B : D^{AVk) D''{AVk)- This proves 
(i) and (ii). Embedding a finite group scheme G into an abelian variety and using the Isogeny Theorem 
(see [36], III.19.1) gives (iii). □ 



Remark. It is easy to see that D exchanges the standard t-structurc on D^{Q^^) with the tilted t 



structure associated with the torsion pair (^V^ ,Q\^)- More precisely, for every X e 'dyf the duality sends 



the canonical exact sequence 

^ Ao ^ A ^ ttqA ^ 0, 
where Xq is an abelian variety, to the exact triangle 

(7roA)*[l] ^ D(A) ^ Ao ^ (^oA)*[2], 

so that (7roA)*[l] ~ t<_iID)(A) and Aq - t>oD(A). Thus, we have 

if-iD(A) ~ (ttoA)*, (4.1.1) 
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H°B{X) ~ Xq. 



(4.1.2) 



4.2. Orbi-abelian varieties. Let fc be a field. 

Definition. An orbi-abelian variety over k is an object K of D^{G^^) such tfiat H~^K is a finite group 
scheme and = for i ^ {—1, 0}. 

Lemma 4.2.1. (i) For any complex K in concentrated in degrees —1 and 0, such that H~^K is 
finite, there exists a quasiisomorphic subcomplex of the form [G ^ X], where G is a finite group scheme. 
In particular, every orbi-abelian variety can be presented by a complex [G —> X] with G finite, 
(a) An object K e D'^[Q^) is an orbi-abelian variety iff'0{K) is. Furthermore, we have natural isomor- 
phisms 

(if°©(i^))o =i (ffOiOo, (4.2.1) 

H^^B{K) ~ (ttoH^K)*. (4.2.2) 

Proof, (i) Let K = [i : Y ^ X], where ker(i) is finite. We claim that there exists a homomorphism 
p : X ^ Yq such that p o i = [N]y for some N > (where [A^]^^ C Yq). Indeed, since Yq and Xq 
are abelian varieties the assertion is true for the induced homomorphism ig : Yq ^ Xq, so we can find 
Po : ^0 ^ ^0 such that Po ° *o = [-^i]yo for some Ni > 0. If A^2 = l-'^/Aol then the multiplication by N2 
maps X to Xq, so we can view p = N2P0 as a homomorphism X ^ Yq. Finally, the homomorphisms po i 
and [NiN2\y agree on Yq, hence, 

Nspo i = [NiN2N3]y, 

where = |F/yo|- Thus, we can set p = N^p, N = N1N2N3, and our claim follows. In this situation K 
is quasi-isomorphic to the subcomplex [i' : Y^ ker(p)], where i' is induced by i. 

(ii) Let K = [G ^ X] he an orbi-abelian variety, where G is a finite group scheme. Then we have an 
exact triangle 

X^K^ G[l] X[l]. 

The dual of this triangle is 

G* B{K) D(X) ^ G*[l]. 

The corresponding long exact sequence of cohomology shows that WIIi{K) = for i ^ {—1,0} and that 
iJ-ip(A') is a subgroup scheme in if-i©(X) ~ (ttqX)* (see (4.1.1)). Hence, H-'^1D){K) is finite, so 1D){K) 
is an orbi-abelian variety. The same exact sequence shows that 

H-^BiK) 2± kcr((7roA)* ^ G*) ~ coker(G' ^ tt„X)* ~ {-kqE^K)*. 

On the other hand, by (4.1.2), the abelian variety ff°D(i4:)o is dual to if°Dff°D(A:). Dualizing the 
standard exact triangle 

ij"-^©(K)[i] ^ ^]){K) H°n{K) ... 

and passing to cohomology we get an exact sequence 

-> H"BH°IS){K) H"K {H-^B{K))* ^ ... 
which induces an isomorphism H"]S]iH°B{K) ~ {H"K)q. □ 

Here is a simple way to realize the dual ©(if) to an orbi-abelian variety K concretely. Let K = [G ^ X] 
as in Lemma 4.2.1(i). We can pick a finite subgroup H C X such that A = X/H is an abelian variety 
(e.g., one can take H = Xn , where X/Xq is annihilated by N). Note that the dual of L = [G — > ^] has 
only one cohomology due to an exact triangle 

G* ^D(L) ^i^G*[l]. 
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On the other hand, duahzing the exact triangle 

K H[l\ K[l\ 

we get 

H* D(L) ^ D{K) H*[l], 
hence, the complex [H* — > ©(I/)] represents ^{K). 

Remark. If k has characteristic zero then the category t^^" has homological dimension 1 (see [36], 11.14), 
so every object of D^{Q^) is isomorphic to the direct sum of its cohomologies. By duality, this implies 
that in this case every object of Q^^ is a direct sum of an abclian variety and a finite group scheme. Thus, 
in characteristic zero the duality for orbi-abclian varieties takes form 

D(G[1] ®{H® A)) ~ H*[l] © (G* © A), 

where A is an abelian variety, H and G are finite commutative group schemes. Now assume that the 
characteristic of fc is p > 0. Let C denote the full subcategory consisting of proper groups G 
such that Hom(ap,G) = 0. We claim that is a Serre subcategory in . Indeed, it is clear that 
is closed under extensions and passing to subobjects. To check that it is closed under quotients it 
suffices to consider quotients by elementary groups. But for such a group G one has Hom(ap, G) = iff 
Ext^(ap.G) = (sec [36], 11.14), and our claim follows. Note that the category Q^^^ also has homological 
dimension 1 (see [36], 11.14), so the above remarks about orbi-abelian varieties in characteristic zero apply 
as well to orbi-abelian varieties in D^{QYq)- 

4.3. Abstract duality setup. Let <S be a site. We denote by Shs the category of sheaves of abelian 
groups on <S. We assume that we have fixed a certain sheaf of abelian groups G. We consider the 
associated duality functor 

© : D^{Shs) D+{Shs) : K ^ KHom(K. G)[l]. 

Assume also that we have three full subcategories stable under extensions J^or, Aff, Ab C Shs with the 
following properties: 

(i) B{Ab) C Ab, B>{J^or)[-l] C Aff, I}{Aff)[-l] C J^or; 

(ii) for K in one of the subcategories J^or, Aff or Ab, the natural morphism K — > DD(ii') is an 
isomorphism. 

In this situation for A G Ab we set A := P(A), while for G either in J^or or in Aff we set G* = 

D(G)[— 1]. Note that (i) and (ii) imply that for A S Ab and for G either in J^or or in Aff one has 
Hom(A,G) = 0. Indeed, we have B{A) e Shs and ©(G) e Shs[l]. Hence, Rom{V{G),V(A)) = 0, and 
the required vanishing follows from (ii). 

Definition. Given the data A = {G,!For,Aff,Ab) as above, we define a generalized 1-motive of type 
A as a complex [G E] of sheaves of abclian groups on <S concentrated in degrees —1 and 0, such that 
G € J^or, and E fits into an exact sequence 

^ L ^ E ^ A^Q 

with L S Af f and A G Ab. Morphisms between generalized 1-motives as above are simply morphisms 
in the derived category D^{Shs)- 

We will consider the following two examples of this situation. The first is when S is the fppf site of 

schemes over a given scheme S, G = Gm is the multiplicative group, Ab consists of abclian schemes over 
S, while J-or = Af f are finite flat commutative group schemes over S. We denote the corresponding 
duality type A;^'" and call generalized 1-motives of type A^'" orbi-abelian schemes over S. 

In the second example S is the fppf site of affinc schemes over a field k of characteristic zero, G = Gm, 
Ab consists of abelian varieties over k, Tor are formal A;-groups (see our conventions in the beginning of 
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section 3), and Aff are afSne commutative algebraic groups over k. We denote the corresponding duality 
type AI°^ . To get the usual generalized 1-motives of Laumon [29] one would have to modify this type 
by taking J-or to be formal fc-groups without torsion and considering only connected groups in Aff. 

Sometimes it is convenient to view generalized 1-motives as a full subcategory in the category of Picard 
stacks by associating with K = [G ^ E] the Picard stack ch{K) (see section 1.3 and [23], 1.4). 

Proposition 4.3.1. If K is a generalized 1-motive of type A then I]>{K) is also a generalized 1-motive 

of type A and the natural map K DD(_ftr) is an isomorphism. 

Proof. Let K = \G ^ E], where G G Tor and E is an extension oi A £ Ab by L e Aff. Set 
K =[G ^ A]. Then B(7?) is an extension of i = ID)(A) by G* = ©(G) [-1], and 0{K) is represented by 
the complex [L* — > ©(i^)]. The second assertion now follows from the assumption (ii) on the data A. □ 

The duality of generalized 1-motives has a convenient interpretation in terms of biextensions. Recall 
that if \Y — > X] and \Y' X'] arc complexes over Shg concentrated in degrees —1 and then a 
biextension of [Y — » X] and [Y' — > X'] by G is a, biextension of X x X' by G equipped with trivialization 
of its pull-backs to Y x X' and X x Y' such that the induced trivialization of the pull-back to Y xY' 
are the same (sec [15], 10.2). Such biextensions form a (commutative) Picard category and we denote by 
Biext^([y ^ X], [Y' X'];G) (resp., Biext°([y X], [Y' X'],G)) the group of isomorphism classes 
in this category (resp, automorphism group of an object). These groups are isomorphic to Ext*([y — > 
X] (g) [Y' X'], G), z = 0, 1, so they depend only on isomorphism classes of [Y — »• X] and [Y' — > X'] in 
the derived category D''{Shs) (see [15], 10.2.1). 

Proposition 4.3.2. Let K and K' be generalized 1-motives of type A. 

(i) One has a functorial isomorphism 

Yiomn^^Shs){K' MK)) ^ Bie^t\K,K'-G). 

(ii) For a presentation K = [G ^ E] let EXT{[G £'];G) denote the Picard stack of extensions 
of \G E] by G in the category of complexes over Shs. Equivalently, EXT[[G E],G) classifies 
extensions of E by G with trivialized pull-back to G. Then we have an isomorphism of Picard stacks 

che(ir) ~ EXT{K, G). (4.3.1) 

(Hi) Let K = [G ^ E], where E is an extension of A & Ab by L & Aff, so that D(iC) is represented 
by [L* D(jr)] with K = [G — > A]. Then the biextension of K x ^}{K) corresponding to the identity 
map idD(j<-) under the isomorphism of (i) (the Poincare biextension^ is represented by the pull-back to 

E X D(if) of the similar biextension of A x A, where A = D(j4). This pull-back is equipped with natural 
trivializations along G x ©(JC) and E x L* that are compatible over G x L* . 

Proof, (i) We have 

RomiK' .WK)) = Homf , KRom (K. G [1] 1 ) ~ Homf j^' (>iK.G[l]) = Ext^ (K'(^K.G). 

which is isomorphic to Biext^{K, K';G) (see [15], 10.2.1). 

(ii) By Lemma 1.3.1, we have 

EXT{K, G) ~ HOM{ch{K), ch(G[l])) ~ chfT<nfiHom(j^. G[l])), 
so the assertion follows from RBgm{K, G[l]) = B{K) G D^°{Shs). 

(iii) Note that the Poincare biextension of i^T x I]){K) corresponds to the canonical morphism K®'B{K) 
G[l] via the isomorphism Biext^(ii:, ©(JsT); G[l]) Ext^(i4: «) B{K),G). Applying this to K and using 
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the commutative diagram 

A (g) 0(K) <^ A O i 



K(g)B(K) G[l] 

we see that the Poincare biextension of K x D{K) is represented by the pull-back to A x I${K) of the 
Poincare biextension of Ax A (this pull-back is equipped with a trivialization over G x Bi{K)). Now the 
assertion follows in a similar way from the commutative diagram 



K(»]D){K) G[l] 

□ 

4.4. Fourier-Mukai transform. In this section wc work with generalized 1-motivcs of type A = 
{Gm,^or,Aff,Ab), where A is either A^*" (orbi-abelian schemes) or aI°^ . Thus, our generalized 
1-motives are of the form K = [G — » , where either (i) E is an extension of an abelian scheme by a 
finite flat commutative group scheme over S*, G is a finite fiat commutative group scheme over S, or (ii) 
S is a commutative algebraic group over a field k of characteristic zero, G is a formal /e-group. Note that 
in case (ii) E is an extension of an abelian variety by an affine commutative algebraic group. In both 
cases by a quasicoherent sheaf on K we mean a G-equivariant quasicoherent sheaf on E (where G acts 
on E by translations). We denote the category of quasicoherent sheaves by Qcohi^. In case (i) we can 
also consider the subcategory CohK of coherent sheaves. It is easy to check that up to equivalence the 
category Qcohif does not depend on a presentation K = [G ^ E]. Indeed, this is clear in the case when 
we have surjective morphism of complexes / : [G' — *■ E'] — » [G — » i?] (i.e., both maps /_i : G' G and 
fo : E' ^ E are surjective) such that ker(/_i) maps isomorphically to ker(/o) (cf. Lemma 3.4.3 — note 
that ker(/_i) ~ ker(/o) is a finite group scheme). The general case follows because of the following simple 
result. 

Lemma 4.4.1. Let [G —^ E] and [G' —>■ E'] be two presentations of the same generalized 1-motive K. 
Then there exists a third presentation [Go Eq] ofK equipped with surjective maps (quasi-isomorphisms) 
to [G^E] and [G' ^ E']. 

Proof. Let us define Eq in the derived category of sheaves from the exact triangle 

Eo^ E®E' ^ K ^ Eo[l]. 

Using the octahedron axiom one can easily see that Eq is an extension of E by G' (resp., of E' by G), 
and that [G © G' ^ Eq] will be the required third presentation of K. □ 

f 

Let K = [G E] he St generalized 1-motive of one of the two types above. By definition, E is an 
extension of A G Ab hy L & ■^ff- Note that A is an abelian scheme over S (where S = Spec(fc) in case 
(ii)). Let n : E ^ A denote the projection. Then we associate with the presentation K = [G ^ E] the 
kernel algebra 

A{G -^E) = {ttx 7r)*^g 
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over A. By Corollary 3.3.2 and Lemma 2.2.6, the category Qcohii' is equivalent to the category of 
A{G i?)-modules on A. In the case A = A^*" the kernel algebra A{G E) is finite and we have an 
equivalence GohK ~ A{K) — mod°. 

As we have seen before, the dual 1-motive is represented as J}{K) = [L* E'], where E' = P[G A] 
is an extension of A by G* . Thus, denoting hy p : E' ^ A the natural map we also have the corresponding 
kernel algebra 

A{L* E') = {px p),A|: 

over A, such that QcohD(_ft') is equivalent to the category of modules over A{L* E'). 

Theorem 4.4.2. The kernel algebras A{G — » E) and A{L* — » E') are Fourier-Mukai dual to each other. 
Hence, we get an exact equivalence 

D{QcohK) ~ D{qcohB{K)) 

that also induces an equivalence between the bounded derived categories of coherent sheaves in the case 
A = A^'". 

Proof. Set H = L*. By construction, the extension i? — *■ ^4 by L is dual to the homomorphism f'-.H^A 
(in the sense of Lemma 3.5.3), while the extension E' Ahy G* is dual to the homomorphism f : G —> A. 
Applying Corollary 3.5.5 to the G-equivariant L-torsor E ^ A (resp., if-equivariant G*-torsor E' A), 
we get isomorphisms of kernel algebras on A and on A: 

A{G ^E)^ Al^"{r.{f% 

AiH^E')^Af"{Cif)), 
where we use the notation of Corollary 3.7.4. It remains to apply this Corollary. □ 



4.5. Fourier-Mukai duality for twisted sheaves. As in the previous section we work with generalized 
1-motives of type A G {A^*", A{°'^}. Let K be such a generalized 1-motive. Let also G be an object of 

Tor, so G is a finite flat commutative group scheme over 5 if A = A^", and G is a fe-formal group if 
A = A^°'^. The definition of twisting data from section 3.7 has an obvious extension to this situation. 

Definition. A G -twisting data T = (/, /', a, l) for K consists of homomorphisms f : G ^ K, f : G ^ 
D(if), and of a line bundle a over G equipped with an isomorphism of 2-cocycles t : A(a) — (/ x f')*V, 
where V is the Poincare biextension. If T = (/, /', a, t) is a G-twisting data for K then the dual G-twisting 
data for Bi{K) is D(T) = (/', — /, a, l'), where a is given by (3.7.7) and l' is induced by l. 

Wc will use G-twisting data as above to define twisted versions of the category of G-equivariant sheaves 
on K. By Proposition 4.3.2(i), twisting data T = {f,f',a,L) can be equivalently described by the data 
{f,B,a,L), where / : G — > if is a homomorphism, S is a biextension of G and K by Gm, a is a line 
bundle over G and l : A{a) — (/ x id)*B is an isomorphism of 2-cocycles. 

Given a representation K = [H ^ E] let us consider the composition oi f : G ^ K with the 
corresponding morphism K — » H[l\. This will give an extension 

-> iJ H{f ) ^ G ^ 

such that the composition H{f) G ^ K ^ H[\] is zero. Wc claim that to a morphism / one 
can canonically (up to an automorphism of H{f), compatible with the extension structure) associate a 
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morphism of exact triangles 



H 



H{f) 



G 



m 



id 



id 



H 



E 



K 



m 



Indeed, a morphism in the derived category f : G ^ K can be represented by a map [Gi — > Go] ^ [iJ — *■ 
E] in the homotopy category of complexes, where Gi c Go and Gq/Gi ~ G. To such a map of complexes 
we associate the natural homomorphism (Go © H)/Gi E, identical on H . It remains to observe that 
one has a natural isomorphism (Go ®H)/Gi ~ H{f) of extensions of G by ff, and that our construction 
is compatible with the homotopy and with changing the complex [Gi — > Go]. Mimicking the definition 
for the abelian varieties, let us consider the line bundle 



(4.5.1) 



on G X i!^ (where B is the bicxtcnsion coming from our twisting data). Its pull-back C{T) to H{f) x E 
has the natural structure of a 1-cocycle of H{f) with values in Vic{E), where the action of H{f) on E 
is induced by the homomorphism /. Now we define the twisted category of sheaves on [K/G] associated 
with T to be 

Qcohg(/i') = Ae''^\C{T)) - mod. (4.5.2) 

If wc have another representation K — \H' E'] such that f : G ^ K factors through E' ^ K then we 
can construct another presentation K = [Ho Eq] using Lemma 4.4.1, so that we have an exact triangle 

Eo E ® E' ^ K ^ Ea[l]. 

This easily implies that f : G ^ K factors also through Eq ^ K. Also, we have morphisms from 
[Hq Eq] to the original two presentations of K. In this situation the corresponding 1-cocycle jC{To) 
of Hoif) with values in Pic{Eo) is isomorphic to the pull-back of C{T) with respect to the natural 
morphisms -ffo(/) ~* H{f) and Eq E. Hence, we get an equivalence 



A 



Ho(f) 



{C{To)) - mod 



mod 



(see Lemma 3.4.3), which shows that the right-hand side of (4.5.2) does not depend on the choice of a 
representation K = [H ^ E]. 

Now we will prove a generalization of Theorem 3.7.3 in this situation by constructing an equivalence of 
the derived categories of twisted sheaves on [K/G] and [D(if )/G] associated with T and D(r), respectively. 

Theorem 4.5.1. In the above situation one has an exact equivalence 

D{qcoh^{K)) ~ D{qcoh°r\]D){K)). 

In the situation of orbi- abelian schemes (i.e., A = A-g"), this equivalence induces an equivalence between 
the bounded derived categories of coherent sheaves. 

Proof. We start by choosing dual representations for K and I}{K). Namely, let K = [Hi — > £■] be a 
representation of K, where Hi G J^or and E is an extension 

O^Li^E^A^O, 

where A G Ab and Li G Aff. Consider the corresponding representation for the dual 1-motive I]){K) = 
[H2 — > E'], where E' = D[i?i — > A], and H2 = L'l, so that we have an exact sequence 

Q^L2-'E'^A-^0 
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with L2 = H*. 

We want to express everything in terms of kernel algebras over A and A, so that the dual sides enter 
into the picture in a symmetric way (as in Theorem 3.7.3). Recall that the two categories we want to 
compare are 

Qcohg(/<:) = Ae'''^\£{T)) - mod, 
Qcoh^^^^(D(i^)) = ^f?(^'^(£(D(T)) - mod), 

where Hi{f) and i^2(/') are extensions of G corresponding to the composed morphisms G ^ K ^ Hi[l] 

and G — > D(ii') — » i?2[l], respectively. Recall that to define the relevant 1-cocycles we also use the 

morphisms / : Hi{J) E and /' : H2U') E' lifting / ; G ^ isT and /' : G ©(iiT), respectively. 

Let G(/, /') denote the extension of G by _ff 1 © H2 such that the corresponding class in Ext^(G, Hi ® 
H2) — Ext^(G, ffi) © Ext^(G, if2) has components represented by the extensions Hi{f ) and H2{f')- 
Then we have an exact sequence 

^ ^ G(/, /')-#! (/)-0. 

Recall that H2 is Cartier dual to L\, so this extension is dual (in the sense of Lemma 3.5.3(i)) to some 
biextension Bi of Hi{f) x Li by Gm- It is easy to check that Bi is isomorphic to the pull-back of 
the biextension B oi G x E (corresponding to the homomorphism f : G ^ Ji{K)) under the natural 
homomorphism Hi{f) x Li — > G x It follows from the definition that C{T) is (Li, Si)-equivariant. 
Hence, we are in the situation of Proposition 3.5.4, where we view E as an Li-torsor over A. Using this 
Proposition we obtain an isomorphism of kernel algebras over A 

x <^).4^(^)(£(r)) Aff'^'\Ci), (4.5.3) 

where (p : E A is the projection, and Ci is the 1-cocycle of G(/, /') with values in Vic{A) associated 
with C(T) by the construction of Proposition 3.5.4. Thus, by Lemma 2.2.6, we get an equivalence 

q,cohl{K) ~ A^^^'^'\Ci) - mod. 

It is not hard to check that in fact £1 comes from a natural G(/, /')-twisting data Ti for A. More 
precisely, this twisting data consists of homomorphisms 

f:G{f,n^Hi{f)^E^A, 

f : GifJ') ^ H2{f') ^ E' ^ A, 

and of the line bundle TT*a on G{f,f'), where tt : G{f,f') ^ G is the projection, equipped with the 
isomorphism A(7r*Q;) ~ (f x f'yp induced by l. To see that the corresponding 1-cocycle of G(/, /') is 
isomorphic to Ci one should look at their pull-backs to G(/, /') x E and observe that these pull-backs 
are both isomorphic to the pull-back of the line bundle C{T) on G x E given by (4.5.1). Indeed, this 
follows from the fact that the pull-back of B to G{f,f') x E coincides with the pull-back under the 
homomorphism G(/, f')xE~iE'xAoi the natural biextension of E' x A. It is easy to check that the 
above isomorphism on G(/, /') x £^ is compatible with the Li-action and with the 1-cocycle structures. 

Next, we should repeat the above procedure for the dual data (©(iC), ©(T)). Note that the extension 
G{f, /') will get replaced by G(/', — /) (an extension of G by H2®Hi) that maps to i?2(/') (an extension 
of G by H2) and to Hi{—f) (an extension of G by Hi). The result will be an isomorphism similar to 
(4.5.3) 

(</.' X 00*4^'^'^ (AT)) ^ Af^'^-f\C2), 
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of kernel algebras over A, where cp' : E' ^ A is the projection, and £2 is the 1-cocycle of G(/', — /) with 
values in 'Pic{A) coming from a G(/', — /)-twisting data T2 for A that is defined similarly to Ti. Again, 
by Lemma 2.2.6, this gives an equivalence 

Qcoh^(^^(D(if )) ^ Af^''-^\£2) - mod . 

We have a natural isomorphism a : Hi{f) Hi{—f) inducing [—1] on Hi and identity on G. Since 
G(/', — /) is built from the extensions H2{f') and /), we get the induced isomorphism 

r:G{f,n^G{f',-f) 

compatible with the projections to H2{f') and fitting into the commutative square 

^ G(/',-/) 



Hiif) 



Hi{-f) 



The map G(/', — /) A forming a part of the twisting data T2 is given by the composition 

G{f',-f)^Hii-f)^E^A, 
where h fits into the morphism of exact triangles 



(4.5.4) 



Hi{-f) 



id 



Hi 



E 



G 



K 



id 



It follows that the composition hoa : Hi{f) ^ E differs from — / by an automorphism oi Hi{f), inducing 
identity on Hi and G. Adjusting a (and hence r) by this automorphism we can assume that hoa = —f. 
This implies that under the isomorphism t : G{f,f') G{f',—f) the map (4.5.4) gets identified with 
— f. On the other hand, since t is compatible with the projections to i?2(/')) the map G(/', — /) — > A 
forming a part of the twisting data T2 gets identified under r with f. It is easy to see from this that 
under the isomorphism r the data T2 gets identified with the dual twisting data to Ti . Now the required 
equivalence follows from Theorem 3.7.3. □ 



Remark. One can generalize the notion of a G-twisting data to allow G to be noncommutative (as we 
did in section 3.7). Namely, let G be a finite flat group scheme over S (resp., a formal group scheme, 
Idu-pf over k, such that the action of Gal{k/k) on G(fc) factors through Gal(fc'/A:) for some finite field 
extension k C k') equipped with a homomorphism tt : G — > Go with Go € J^or. Then we can consider 
twisting data consisting of morphisms f : Go ^ K, f : Go ^ ^{K), and of a line bundle a over G 
equipped with an isomorphism of 2-cocycles t : A(a) ~ (/tt x fwyP over GxG. One can still define the 
dual twists of the categories of G-equivariant sheaves on K and on I}{K) and prove the corresponding 
equivalence of derived categories. 
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